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MARK HASKINS 

Abstract. We prove a number of results on the geometric complexity of special Lagrangian 
(SLG) T^-cones in 

Every SLG T^-cone has a fundamental integer invariant, its spectral curve genus. We 
prove that the spectral curve genus of an SLG T'^-cone gives a lower bound for its geometric 
complexity, i.e. the area, the stability index and the Legendrian index of any SLG T'^-cone 
are all bounded below by explicit linearly growing functions of the spectral curve genus. 

We prove that the cone on the Clifford torus (which has spectral curve genus zero) in 5^ 
is the unique SLG T'^-cone with the smallest possible Legendrian index and hence that it 
is the unique stable SLG T^-cone. This leads to a classification of all rigid "index 1" SLG 
cone types in dimension three. For cones with spectral curve genus two we give refined lower 
bounds for the area, the Legendrian index and the stability index. One consequence of these 
bounds is that there exist 5*^ -invariant SLG torus cones of arbitrarily large area, Legendrian 
and stability indices. 

We explain some consequences of our results for the programme (due to Joyce) to under- 
stand the "most common" three-dimensional isolated singularities of generic families of SLG 
submanifolds in almost Calabi-Yau manifolds. 



1. Introduction 

Let M be a Calabi-Yau manifold of complex dimension n with Kahler form uj and non-zero 
parallel holomorphic n-form il. satisfying a normalization condition. Then Re O is a calibrated 
form whose calibrated submanifolds are called special Lagrangian (SLG) submanifolds [20]. 
Moduli spaces of SLG submanifolds have appeared recently in string theory [1, 49] . On physical 
grounds, Strominger, Yau and Zaslow argued that a Calabi-Yau manifold M with a mirror 
partner M admits a (singular) fibration by SLG tori, and that M should be obtained by 
compactifying the dual fibration [49] . To make this idea rigorous one needs to have control over 
the singularities and compactness properties of families of SLG submanifolds. In dimensions 
three and higher these properties are not well understood. Throughout this paper we will 
assume n > 3. 

The local models for isolated singularities of SLG varieties are SLG cones in C". They arise 
as possible tangent cones to SLG currents at singular points. The simplest SLG singularities 
to understand are isolated singularities modelled on SLG cones with isolated singularities. 
Recently a number of authors have used integrable systems techniques to prove existence of 
large numbers of such SLG cones [8, 21, 25, 42]. Even in dimension three there are too many 
SLG cones to expect a complete classification. 
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On the other hand, recent work of Joyce suggests that to make progress on two important 
open questions in SLG geometry one does not need to understand all singularity types, only 
the "more common ones" [32]. The primary goal of this paper is to shed light on which SLG 
T^-cones are the "common" ones. 

When properly understood this amounts to studying SLG cones for which certain natural 
indices (the Legendrian index and the stability index) constructed out of the spectral geometry 
of the cone C are small. Wc find several methods of proving lower bounds for these indices and 
use them to show that many SLG cones one can construct have large indices and hence are 
"uncommon" . In certain cases, we can also prove upper bounds for these indices and conclude 
that certain singularities should be relatively "common". 

We now give a description of the main results of this paper. 

The Legendrian index of a SLG cone C in C" is the number of eigenvalues of the Laplacian 
acting on functions of the link, S = CnS'^'^-^ that are contained in the open interval (0, 2n). 
The Legendrian index has a simple geometric interpretation: it is the Morse index of the link 
S as a critical point of volume, but restricted to Legendrian variations. For any SLG cone in 
C" with an isolated singularity the Legendrian index is at least 2n (Corollary 3.14). A SLG 
cone is called (Legendrian) stable if its Legendrian index is equal to 2n. 

The stability index of a SLG cone in C" counts the excess number of eigenvalues of A in the 
closed interval [0, 2n] i.e. the number of eigenvalues in this interval minus those eigenvalues 
which must occur for simple geometric reasons (see §3.3 for a complete description). A SLG 
cone is called strictly stable if it has stability index equal to 0. Equivalently, a SLG cone is 
strictly stable if it is both (Legendrian) stable and rigid, i.e. the eigenvalue A = 2n occurs 
with the minimum geometrically allowable multiplicity. More generally, the spectrum of A on 
the link E of the cone C plays a fundamental role in many analytic and geometric problems 
arising in SLG geometry, as we try to explain in Appendix B. 

For a large class of isolated singularities of compact singular SLG submanifolds one can 
define the index of the singularity. This index controls how commonly that singularity type 
occurs. Hence singularities of small index are the most important ones to understand. More- 
over, for some outstanding problems in global SLG geometry {e.g. counting SLG homology 
spheres [30] and the SYZ conjecture [24]) it should be sufficient to understand only singulari- 
ties of index up to some fixed number k. In particular, k = 1 for the counting SLG homology 
spheres problem. 

A formula for this index due to Joyce [32, Thm 8.10], given in (B.3), shows that the index of 
any singularity modelled on a SLG cone C with large stability index is also large, and therefore 
does not occur often. For any SLG cone in C" with an isolated singularity the stability index 
is nonnegative (see §3.3). Our first result characterizes the T^-cones with stability index equal 
to zero. 

Theorem A. The cone on the Clifford torus in is (up to special unitary equivalence) the 
unique strictly stable SLG -cone. 

In other words, the cone on the Clifford torus is "the most common" SLG T^-cone. The 
Clifford torus T'^~^ in S'^"'~^ is a flat minimal Legendrian torus in 5^""^ which is invariant 
under the diagonal subgroup of SU(n). It is described in detail in Example 3.16. Strictly stable 
singularities have other particularly nice properties (see Appendix B.2 for a brief discussion). 
Unfortunately, the analogue of Theorem A is false for all higher dimensions, because the 
Clifford torus fails to be strictly stable (Prop 3.17). In fact, no examples of stable SLG 
singularities in dimension greater than three appear to be currently known. 
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Theorem A combined with an argument of Joyce [24, §10.3] leads immediately to Corollary 
B.6 which classifies all rigid SLG cones which can occur in an index 1 singularity in three 
dimensions. 

There is an analogue of Theorem A for minimal Lagrangian tori in CP^ due to Urbano. 

Theorem B (Urbano, [51, Cor. 2]). The Clifford torus in CP^ is (up to unitary equivalence) 
the unique Hamiltonian stable minimal Lagrangian torus in CP^. 

Although Theorems A and B arc similar there does not appear to be a way to prove one from 
the other. We give a new proof of Theorem B which is considerably simpler than Urbano's 
original proof. 

Dimension three is also special because SLG T^-cones can be studied using methods of 
integrable systems/algebraic curves. Since the fundamental work of Hitchin on harmonic 2- 
tori in [23] , it has become clear that harmonic maps of 2-tori into many compact Lie groups 
or symmetric spaces can be completely classified in terms of algcbro-geometric data, the so- 
called spectral data of the harmonic torus. In particular, SLG T'^-cones are in one-to-one 
correspondence with certain spectral data (see §4.3). Part of this spectral data consists of a 
compact Riemann surface of finite even genus 2d. 

In theory, the spectral data completely determines the geometry of the harmonic 2-torus. 
A fundamental problem in this field originally posed by Hitchin [23] is to recover differential 
geometric properties of the torus from its spectral data. For example, for CMC tori, numerical 
work suggested that the spectral curve genus provides a lower bound for the geometric com- 
plexity of the corresponding torus. For CMC tori in M.^ and minimal tori in a breakthrough 
in this problem was achieved very recently by Ferus et. al. [15]. Using methods of "quater- 
nionic holomorphic" geometry they proved, for example, that the area of a minimal torus in 
increases with the genus of its spectral curve [15, Thm 6.7]. Two of our main theorems 
prove analogous results for SLG T^-cones, using very different methods to those of [15]. 

Theorem C (1-ind and s-ind grow at least linearly with spectral curve genus). Let C be a 
SLG T'^-cone in with an isolated singularity at 0, and let g = 2d denote the spectral curve 
genus of the associated minimal Lagrangian torus (j) : T'^ ^ CP^ . Then for any d> 3 we have 

l-ind(C) > max | [^d] ^ , ?} 

and 

s-ind(C) > max|[|c? - 8]"^ ,d- l| , 
where [x]'^ denotes the smallest integer not less than x E'R, i.e. [x]'^ := min{n G Z | n > x}. 

Theorem D (Area grows at least linearly with spectral curve genus). Let C be a SLG T^-cone 

in with an isolated singularity at 0, and let g = 2d denote the spectral curve genus of the 
associated minimal Lagrangian torus ^ : — > CP^. Let S be the link of the cone C . Then for 
any d>3 we have 

Area(S) > ^dir. 

We conjecture that l-ind(E), s-ind(E) and Area(E) in fact grow quadratically with d (see 
Remarks 4.11 and 4.12). 

Special Lagrangian T^-cones with an S'^-symmctry can be described very explicitly using 
elliptic functions and integrals. In §5 and §6 we use these explicit descriptions to refine our 
lower bounds for 1-ind, s-ind and Area in the S'^-invariant case. Two of the main results from 
§5 are the following. 
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Theorem E (1-ind and s-ind for Tm,n increase linearly in m and n). Let T^n^^i be one of the 
countably infinite family of minimal Legendrian 2-tori described in Theorem 5.4- For A > 0, 
denote by iV^ „(A) the number of eigenvalues of A on T^^^ ihe range [0, A(A + 1)]. Then 

4n + 5 > 13 if mn is even 
2n + 5 > 11 if mn is odd. 



A^n,m(l) > 

. .frr X . / 8n + 4m-8 > 1 
s-md(r^,0 ^ I 4n + 2m - 8 > 6 



8n + 4m — 8 > 12 if mn is even 
if mn is odd. 



, \ ^ / + — 2 > 18 if mn is even 
i-ind(i„,„j - \ 4n + 2m - 2 > 12 if mn is odd. 

Further, we also have the following upper bounds 

{36-^n — 1 if mn is even, 
18^n-l if mn is odd. 

See Theorem 5.4 for a description of the tori Tjn,n- They are the simplest family of S'^-invariant 
minimal Legendrian 2-tori in S^. 

Theorem F (bounds on 1-ind for tori uqj). Let S be any of the countably infinite family 
of minimal Legendrian 2-tori constructed in Theorem 5.5. Then ^62{Tj) = ^ for relatively 
prime positive integers m > 4 and n> 7, and 

s-ind(S) > 2n - 8 > 6. 

l-ind(S) > 2n - 2 > 12. 

iVs(l) > 2m + 5>13. 

iVs(2) > 2n + 6. 

See Theorem 5.5 for a description of the tori uqj. 

In §6 wc use expressions for the area of S'-'^-invariant minimal Legendrian 2-tori in terms of 
elliptic integrals and some properties of elliptic integrals to obtain results about the area of 
these tori. One of the main results from §6 is the following. 

Theorem G (Area bounds for minimal Legendrian tori Tm,n)- Let Tm,n one of the countably 

infinite family of minimal Legendrian 2-tori constructed in Theorem 5.4. If mn is even then 
2"- < ^ Area(T„,„) < ^n, otherwise n< ^ Area(r^,„) < ^n. 

An immediate consequence of Theorem G is Corollary 6.5 which gives an upper bound for 
^i{Tm,n) in terms of m and n. Theorem G is also used to prove the upper bounds for Nn,m{2) 
stated in Theorem E. 



The rest of the paper is organized as follows. In §2 we recall some basic properties of SLG 
submanifolds. In §3 we describe the basic differential and spectral geometry of SLG cones in 
C" and their links. In particular, the Legendrian index and the stability index of a SLG cone 
are defined. 

Beginning in §4 we consider the important special case of SLG T^-cones in C^. We prove 
Theorem A and its Hamiltonian analogue Theorem B using results from §4.1 and §4.2. We 
review the spectral curve construction of SLG T^-cones in due to Mcintosh [42]. This 
construction associates to any SLG T^-cone a basic integer invariant, its spectral curve genus. 
Theorem C gives lower bounds for the Legendrian or stability index of any SLG T^-cone in 
terms of its spectral curve genus. Similarly, Theorem D gives lower bounds for the area of the 
link of any SLG T^-cone again in terms of its spectral curve genus. In §5 we recall from [21] 
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the author's exphcit construction of SLG T^-cones with an 5^-symmetry. These cones all have 
spectral curve genus 2. Using the explicit descriptions of these cones, in Theorems E and F we 
prove refined lower bounds for their Legendrian index and stability index. These results show 
the impossibility of finding upper bounds for the Legendrian index or stability index of a SLG 
T^-cone solely in terms of its spectral curve genus. In §6 we give analytical and numerical 
results on the area of the link S of these S'^-invariant torus cones C. These results can then 
be used to prove upper bounds for certain eigenvalue-related data, e.g. Ai(S) or s-ind(C). 

There are two appendices. Appendix A recalls some basic properties of Jacobi elliptic 
functions and integrals that are used in §5 and §6. In Appendix B we describe the implications 
of our results on SLG cones for several other problems in SLG geometry. 

The author would like to thank the referee for their careful reading of the paper and for 
suggesting a number of improvements. The author would also like to thank H. Iriyeh, Y.G. 
Oh and F. Urbano for bringing reference [51] to his attention. 

2. Special Lagrangian geometry in Calabi-Yau and almost Calabi-Yau 

manifolds 

In this section we recall some basic facts about SLG geometry: first in C", then generalizing 
to Calabi-Yau manifolds and almost Calabi-Yau manifolds. 

2.1. Special Lagrangian geometry in C". Special Lagrangian geometry is an example of 
a calibrated geometry. We begin by reviewing some elementary facts about calibrations [20]. 

Each calibrated geometry is a distinguished class of minimal submanifolds of a Riemannian 
manifold (M, g) associated with a closed differential p-form (f) of comass one. 

For each m G M, the comass of (f) is defined to be 

||<^||^ = sup{< 4>mi^m Cm is a unit simple p- vector at m} 

where a p- vector ^ G hPV is simple if = A 1^2 A . . . A for some fi, . . . , fp G y. In other 
words, ll^llj!^^ is the supremum of ^ restricted to the Grassmannian of oriented p-dimensional 
planes T^M), regarded as a subset of APTjnM. 

To any form of comass one there is a natural subset of TM) 

Gm{(t>) = {U e G{p,TmM) :< <j),n,U >= 1}, 
that is, the collection of oriented p-planes on which (f) assumes its maximum. These planes are 
the planes calibrated by (p. An oriented p-dimensional submanifold of (M, g) is calibrated by (p 
if its tangent plane at each point is calibrated. The key property of calibrated submanifolds 
is that they are homologically volume minimizing [20, §1]. In particular, they are minimal 
submanifolds i.e. they have zero mean curvature. 

Let zi,...,Zn denote standard complex coordinates on C". For any 9 G [0, 27r) the real 
n-form ao = Re{e^^dz^ A ... A dz'") is a calibrated form, called the 6-SLG calibration on C". A 
9-special Lagrangian plane (0-SLG) is an oriented n-plane calibrated by the form ag. A useful 
characterization of the 0-SLG planes is the following. 

Lemma 2.1 ([20, Cor III. 1.11]). An oriented n-plane ^ in C" is 6-SLG (for the correct choice 

of orientation) if and only if 

(1) 4 is Lagrangian with respect to the standard symplectic form u = ^ dx^ A dy^ , 

(2) (30 := lm{e^^dz^ A ... A dz^) restricts to zero on ^. 

One reason for considering the whole S^-family of SLG calibrations is the following result. 

Proposition 2.2 ([20, Prop 2.17]). A connected oriented Lagrangian submanifold S C is 
minimal (i.e. its mean curvature H vanishes) if and only if S is 9 -SLG for some 9. 
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2.2. Special Lagrangian geometry in Calabi-Yau manifolds. Let n > 3. A Calabi-Yau 
n-fold is a quadruple (M, g, J, Q.) consisting of an n-dimensional Kahler manifold (M, g, J) with 
holonomy group Hol{g) C SU(n), and a nonzero parallel holomorphic (n, 0)-form Q satisfying 

(2.1) a;"/n! = (i^)" O A O 

where is the Kahler form of g. With the above choice of normalization a = Rc($7) has comass 
one with respect to g. Hence (M, g, a) is a calibrated geometry, whose calibrated submanifolds 
we also call SLG submanifolds. If we take the quadruple to be C" endowed with its Euclidean 
metric, standard complex structure and usual holomorphic (n, 0)-form dz^ A ... A dz" then we 
recover the definition of 0-SLG from the previous section. 

Another common definition of a Calabi-Yau n-fold is as a Kahler manifold (M, g, J) with 
holonomy contained in SU(n). In this case one can show that there is, up to a choice of complex 
phase e*^, a unique (n, 0)-form Q such that {M,g,J,^},) is a Calabi-Yau manifold as defined 
previously. With this alternative definition, each Calabi-Yau manifold naturally comes with 
a one-parameter family of SLG geometries. In this case the obvious analogue of Propositions 
2.1 and 2.2 hold. However, since compact simply connected Calabi-Yau manifolds typically 
have finite isometry groups there is generally no obvious relation between SLG submanifolds 
with different phases. This is in contrast to C" where one can always use a U(l) motion to 
transform a ^-SLG submanifold into a 0-SLG submanifold. 

2.3. Special Lagrangian geometry in almost Calabi-Yau manifolds. We now extend 
the notion of SLG submanifolds from Calabi-Yau manifolds to almost Calabi-Yau manifolds. 
In this generalization, SLG submanifolds are no longer calibrated, nor even minimal subman- 
ifolds (at least with respect to the initially chosen metric). Nevertheless, certain nice features 
of SLG submanifolds in Calabi-Yau manifolds persist even in this case, e.g. the deformation 
theory for compact SLG submanifolds remains unobstructed. 

The key advantage of the extension to almost Calabi-Yau manifolds is that while Calabi-Yau 
manifolds come in finite-dimensional families, almost Calabi-Yau manifolds come in infinite- 
dimensional families. Hence if one allows a perturbation of the original almost Calabi-Yau 
structure to a nearby "generic" structure then many pathologies will disappear. A similar idea, 
namely extending from intcgrablc complex striictTircs to almost complex structures has proven 
very powerful in the context of symplectic geometry and topology. The idea of extending 
special Lagrangian geometry to the almost Calabi-Yau setting has appeared in the work of 
various authors [5, 18, 24]. Below we follow the presentation in [24]. 

Let n > 3. An almost Calabi-Yau n-fold is a quadruple {M, g, J,Q,) consisting of an n- 
dimensional Kahler manifold (M,g,J), and a nonzero holomorphic (n,0)-form $7. Given an 
almost Calabi-Yau n-fold {M,g,J,^) in place of the relation (2.1) there is a unique smooth 
positive function / satisfying 

(2.2) i^ = (^-l)n{n-l)/2^^y^^^_ 

When / is not identically 1, {M, g, J,^l) is an almost Calabi-Yau manifold but not a Calabi- 
Yau manifold. 

An n-dimensional submanifold L of an almost Calabi-Yau n-fold is special Lagrangian if 

u\l = 0, lm{n)\L = 0. 

Since a SLG submanifold of a Calabi-Yau manifold is also a SLG submanifold in this general- 
ized sense, this definition extends the one given in §2.2. From the condition that Im(ri)|i = 0, 
it follows that Re(f2) is a nowhere vanishing n-form on L. Hence each component of a SLG 
submanifold L is orientable, with a unique orientation in which Re(J7) is positive. 
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For an almost Calabi-Yau n-fold in which the function / defined by (2.2) is not identicahy 
1, SLG submanifolds in M are neither cahbrated nor minimal with respect to the original 
metric g. Let g be the conformally equivalent metric f'^g. Then Re(r2) is a calibration on 
the Riemannian manifold (M, g) and SLG submanifolds in (M, g, J, il) are calibrated by this 
form. 

3. The differential and spectral geometry of SLG cones 

3.1. Special Lagrangian cones in C". For any compact oriented embedded (but not nec- 
essarily connected) submanifold S C ^""^(l) C M" define the cone on S, 

C(S) = {tx:t£ M-°,x G E}. 

A cone C in R'^ is regular if there exists S as above so that C = C(S), in which case we call 
S the link of the cone C. C(5]) — {0} is an embedded smooth submanifold, but C(S) has an 
isolated singularity at unless S is a totally geodesic sphere. 

To characterize the links of regular SLG cones we need to introduce some geometric struc- 
tures on the unit sphere S^"'~^ in C". As a convex hypersurface in a Kahler manifold S^"-! 
inherits a contact form, that is, a 1-form 7 so that 

(3.1) 7Ad7'*-V0. 

Let X denote the Euler vector field x ■ d/dx on C" and lo denote the standard symplectic 
form on C". Then the contact form on S'^^^^ is 7 = ixi^lszn-i. Associated with 7 is the 
contact distribution, the hyperplane field ker7 C TS'^""^. The condition (3.1) on 7 ensures 
that the distribution ker 7 is not integrable. The maximal dimensional integral submanifolds 
(i.e. submanifolds on which 7 restricts to zero) of the distribution arc (n— l)-dimcnsional and 
are called Legendrian submanifolds. The relevance of Legendrian submanifolds of the sphere 
is seen in the following lemma. 

Lemma 3.1. Let S be an (n — 1)- dimensional submanifold of S^"^'^ . Then C(S) — {0} is 
Lagrangian if and only if S is Legendrian. 

For any p-iovm (p on define the normal part oi (f> hy (f)N = i'x4'j where X again denotes 
the Euler vector field on C". In particular, ag^^v denotes the normal part of the 0-SLG cali- 
bration a0. An oriented (n — l)-dimensional submanifold S of 5^"^^ is a 6-special Legendrian 
submanifold if at each point of S, a^^jv restricts to the volume form on S. 

Proposition 3.2 ([21, Prop 2.5]). A regular cone C = C(S) in C" is 6-SLG if and only ifT, 
is 6-special Legendrian. 

We also have the following Legendrian analogue of Proposition 2.2. 

Proposition 3.3 ([21, Prop 2.6]). A connected oriented Legendrian submanifold of S"^""^^^ is 
minimal if and only if it is 9 -special Legendrian for some 9. 

Let TT : 52"- 1 CV-'^ be the Hopf fibration. When CP"~^ is given the Fubini-Study 
metric g-po, with constant holomorphic sectional curvature 4, vr is a Riemannian submersion 
with totally geodesic fibres. Hence if M C 5"^"^"^ is minimal in 5^"-! then 7r(M) is minimal in 
(CP""^, g'Fs)- Moreover, the standard contact structure 7 on S'^^-i is a connection compatible 
with the natural metric on the Hopf bundle, and whose curvature is the Fubini-Study Kahler 
form LO. Hence the associated horizontal distribution is exactly the standard contact distribu- 
tion on the sphere. In other words, any Legendrian submanifold of 5*^""^ is horizontal for tt. 
Therefore, every minimal Legendrian immersion / : M — ^ g2n-i infj^ces a minimal immersion 
= TT o / : M — CP""''^, which in fact is Lagrangian i.e. (t)*u = 0. Conversely, given any 
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minimal Lagrangian immersion 4>:M^ CP"-^ there is a horizontal lift of its universal cover 
M to the sphere, which is minimal Legendrian. In fact, a given minimal Lagrangian immersion 
(j) has an family of different possible lifts to the sphere. Different choices of lift correspond 
to the lift being ^-special Legendrian for different 0. 

3.2. Symmetries of SLG n-folds and moment maps. In symplectic geometry continuous 
group actions which preserve lo are often induced by a collection of functions, the moment map 
of the action [38, §5.2]. We describe the situation in C", where the situation is particularly 
simple, following the presentations in [27, §3] and [31, §4]. 

Let (Af, J, g, to) be a Kahler manifold, and let G be a Lie group acting smoothly on M 
preserving both J and g (and hence ui). Then there is a natural linear map (p from the Lie 
algebra g of G to the vector fields on M. Given x e g, let v = 4>{x) denote the corresponding 
vector field on M. Since Cyi-o = 0, it follows from Cartan's formula that iyio is a closed 1-form 
on M. If H^{M, M) = then there exists a smooth function fi^ on M, unique up to a constant, 
such that d/j,^ = tyco. //^ is called a moment map for x, or a Hamiltonian function for the 
Hamiltonian vector field v. Wc can collect all these functions /j,^, x G 5, together to make a 
moment map for the whole action. A smooth map jjl : M ^ q* is called a moment map for 
the action of G on M if: 

(i) i^(x)^ =< ^) > for all x G g* where <, > is the natural pairing of g and g* 

(ii) /Lt : M — > g* is equivariant with respect to the G-action on M and the coadjoint 
G-action on g*. 

In general there are obstructions to a symplectic G-action admitting a moment map. The 
subsets M^^(c) are the level sets of the moment map. The centre Z{g*) is the subspace of 
g* fixed by the coadjoint action of G. Property (ii) of fi implies that a level set m~^(c) is 
G-invariant if and only if c G Z(g*). 

The group of automorphisms of preserving g, u and Vt is SU(n) ix C", where C" acts 
by translations. The Lie algebra su(n) K C" acts on C" by vector fields. Let -y be a vector 
field in su(n) k C". Since the action of v preserves lo and is simply connected, there is a 
moment map for the vector field f, i.e. a function ^ : C" M, unique up to a constant, for 
which i^uj = dfi. Since the action of any v G su(n) x C" preserves the condition to be special 
Lagrangian, the restriction to SLG submanifolds of the moment map of any su(n) K vector 
field enjoys some special properties. 

Lemma 3.4 (Joyce, [27, Lem 3.4]). Let fi : C" ^ M 6e a moment map for a vector field v in 
su(n) x C". Then the restriction of fi to any SLG n-fold in C"" is a harmonic function on L 
with respect to the metric induced on L by C". 

That is any SLG n-fold L in C" automatically has certain distinguished harmonic functions. 
This fact, was proven in a different way by Fu. 

Lemma 3.5 (Fu, [16, Thm 3.2]). A function f on is harmonic on every special Lagrangian 
submanifold in if and only if 



where Xj = JV f is the Hamiltonian vector field associated with f. For n > 3, f satisfies 
(3.2) if and only if f is a harmonic Hermitian quadratic. 

A function is said to be a harmonic Hermitian quadratic if it is of the form 



(3.2) 



d{LXf Im(Q)) = 



n 



n 



(3.3) 
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for some c G M, 6j, aij G C with Ojj = ajj and Y17=i = 0. A harmonic Hermitian quadratic 
with c = 0, aij = for all i and j corresponds to the moment map of a translation. A harmonic 
Hermitian quadratic with c = 0, 6j = for all i corresponds to the moment map of the element 
A = \/— 1 {aij) G su(n). Hence Lemma 3.5 implies Lemma 3.4 and also gives a gives a converse 
for n > 3. While Lemma 3.4 gives a geometric interpretation of Lemma 3.5. 

We can use Lemma 3.4 or 3.5 together with the maximum principle to conclude that a 
compact SLG submanifold with boundary inherits all the symmetries of the boundary. 

Proposition 3.6. Let he a compact connected SLG submanifold o/ C" with boundary E. 
Let G be the identity component of the subgroup of SU(n) k C"^ which preserves S. Then G 
admits a moment map fi -.C^ ^ g*, both S and L are contained in ij.'^{c) for some c G Z(g*) 
and G also preserves L. 

Proof. Since L is Lagrangian, E = dL is isotropic, i.e. = 0. Let O be any orbit of G in S. 
Then uj\o = 0, since O C S. It follows from results in [31, §4] that G admits a moment map 
/Lt : C" — > 0* and that S C M~^(c) for some c G Z{g*). Let v be any vector field in g, then by 
Lemma 3.4 the moment map of v restricts to be a harmonic function on L. Since S C /x~^(c), 
the moment map of any vector field t; G g must be constant on S and hence by the Maximum 
Principle also constant on L. Hence L C A*~^(c) also. 

For any v G g, its moment map iJ,{v) is constant on L. Hence V/^(^;) is normal to L for any 
V e Q. Since L is Lagrangian, J maps NL isomorphically to TL. Hence JV ^{v) is tangent to 
L for any f G g. It follows that L is G-invariant. □ 

An asymptotically conical analogue of this result (Prop B.l) is given in Appendix B.l where 
we define asymptotically conical SLG submanifolds precisely. 

3.3. Harmonic functions on SLG cones and the stability index. When L is a SLG 
cone C, there is an intimate relationship between homogeneous harmonic functions on C and 
eigenfunctions of A on the link S. Given a regular SLG cone C in C" with link S, denote by 

C", the incomplete but nonsingular manifold C — {0}. Identify C with (0, co) x S via the map 
i : (0, oo) X S ^ C" given by t(r, a) = ra. Under this identification, the cone metric dr'^+r'^gj:, 
on (0, oo) X E, is the metric C inherits from C". A function n : C" — M is homogeneous of 
order a G M, if n(r, a) = r'^v{a) for some function : E ^ M on the link. A straightforward 
calculation using the definition of the cone metric proves the following. 

Lemma 3.7. Let u{r,a) = r"v{a) be a homogeneous function of order a on the cone C = 
(0, oo) X E, for some v G C^(E). Then 

Au{r, a) = r"~2 (Asv - a{a + n- 2)%}) , 

where A and As are the Laplacians on C and E respectively. Hence, u is harmonic on C if 
and only if v is an eigenfunction o/ As with eigenvalue a{a + n — 2). 

Remark 3.8. We take our Laplacian As to be a nonnegative operator, and hence an eigen- 
function / of eigenvalue A satisfies As/ = A/ for some A > 0. 

Remark 3.9. From Lemma 3.4 we see that any SLG cone C has nontrivial homogeneous 
harmonic functions of order 1 and 2. Using Lemma 3.7 we see this is equivalent to A = — 1 
and A = 2n being eigenvalues of As. 

Remark 3.10. For any minimal Legendrian submanifold E of S^"'~^, Remark 3.9 implies that 
(3.4) Ai(E)<n-l. 

It is well-known that in fact (3.4) holds for any {n — l)-dimensional minimal submanifold of 
a unit sphere. In §3.4 we will define the notion of a (Legendrian) stable minimal Legendrian 
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submanifold of 5'^"^^. Any (Legendrian) stable minimal Legendrian submanifold S will attain 
the equality in (3.4). We would like to classify all (Legendrian) stable minimal Legendrian 
submanifolds. Theorem A shows that there is a unique minimal Legendrian 2-torus S for 

which the equality Ai(S) = 2 holds. 

Let C be a regular SLG cone in C" (n > 3) with link E. We need to introduce some notation 
for objects associated with Spec(S). We will follow the notation used in Joyce [26-29, 32]. First 
define 

(3.5) Ps = {a G M : a{a + n — 2) is an eigenvalue of As} . 

Lemma 3.7 implies that a G if and only if there exists a nonzero homogeneous harmonic 
function of order a on C". The spectrum of As consists of a countably infinite discrete set of 
eigenvalues 

= Ao < Ai < A2 < . . . < Aj < . . . 
with corresponding orthonormal eigenfunctions 

(f>0 = l,(f)l,<f)2,---,<t>i,--- 

Every eigenvalue Aj of As gives rise to exactly two points af in Ps 

af = -l(n - 2) ± ^l(n-2)2 + A,. 

For a G D^,, define ms(a) to be the dimension of the space of homogeneous harmonic 
functions of order a on C. Since A > 0, we see that Ps n (2 — n, 0) is always empty. Clearly 
?^s(0) = ms(2 — n) = &°(S), the number of components of S. 

Let Ny, : M ^ Z be the unique function with the following properties: monotone increasing, 
upper semicontinuous with a jump discontinuity of size mY,{pi) at each a G Ps, with value 
on the interval (2 — n, 0). Nj] may be written in terms of ms as 

(3.6) iVs(/?) = (a) if /3 > 

aGX>sn[0,/3] 

or 

(3.7) 7Vs(/3) = - if /3 < 0- 

Equivalently for /? > 0, Ny{P) is equal to the number of eigenvalues (counting multiplicities) 
of As in the range [0, /3(/3 + n — 2)]. Both Ps and A^s play important roles in governing 
the analytic properties of A not just on cones but also on spaces which are in some sense 
asymptotic to one or more SLG cone. 

The stability index s-ind((7) is defined in [27, Defn 3.6] to be 

(3.8) s-ind(C7) = A^s(2) - 6°(S) - 2n - (dim SU(n) - dim G), 

where G is the subgroup of SU(n) which leaves C invariant. Equivalently, the stability index 
of a SLG cone C is the number of eigenvalues that As has in the range [0, 2n] in excess of 
those eigenvalues which by Lemmas 3.4 and 3.7 must be present for any SLG cone. For any 
regular SLG cone with a singularity it is the case that 

ms(0) = fe°(S), ms(l) > 2n and ms(2) > dimSU(n) - dimG. 

The first inequality will be proven in §3.4.2, and is equivalent to the geometric statement that a 
minimal Legendrian submanifold in 5^""^ is linearly full, i.e. is not contained in any geodesic 
hypersphere. For the second inequality see [27, Prop 3.5]. Together these facts show that 

(3.9) s-ind(C) > 
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for any regular SLG cone C which is not totally geodesic. 
We will call a SLG cone C strictly stable if 

(3.10) s-ind(C) = 0. 

Joyce calls such a cone stable. We will define the weaker notion of a stable SLG cone in §3.4.2, 
where we explain the reason for this choice of terminology. A strictly stable cone will then of 

course also be stable. 

The importance of s-ind(C) is explained in Appendix B.2 and B.3. One reason is that it 
appears as the dimension of an obstruction space to deforming a SLG submanifold X with a 
conical singularity modelled on C. Hence the deformation theory simplifies considerably if all 
the singularities of X are modelled on strictly stable cones. Another reason is that the most 
common isolated singularities should be modelled on SLG cones with low stability index. 

3.4. Legendrian variations and the Legendrian index. In this section we recall some ba- 
sic facts about small Legendrian deformations of a Legendrian submanifold of any contact 
manifold M^""*"^ and define the Legendrian index of a compact minimal Legendrian submani- 
fold of 

3.4.1. The Legendrian neighbourhood theorem and Legendrian variations. In symplectic ge- 
ometry there is a well-known result due to Weinstein [52], the Lagrangian neighbourhood 
theorem, stating that some neighbourhood of a compact Lagrangian submanifold in any 
symplectic manifold (M^",^) is symplectically equivalent to a certain standard model. For 
compact Legendrian submanifolds L" of a contact manifold (M^"+^,7) there is an analogue 
of this result, the Legendrian neighbourhood theorem, which seems to be less well-known. 
First, we describe the relevant standard model, i.e. the Legendrian analogue of the cotangent 
bundle. 

The m-th jet space J^{L) of the manifold L" is roughly speaking the manifold which 
parametrizes functions on L, together with all their derivatives up to order m. The 1st jet 
space J^{L) is particularly simple to describe. Topologically, it is equivalent to the rank n + 1 
vector bundle R x T*L over L, whose total space is (2n -|- l)-dimensional. 

There is a canonical contact 1-form 70 on J^{L) ='Rx T*L 

(3.11) jo = dt-Tr*a 

where t is the coordinate on M, vr : J^{L) T*L is the natural projection and a is the 
tautological 1-form on T*L. Moreover, L sits as a Legendrian submanifold of (J^(L), 70). 
More generally, given any smooth function f on L there is an associated section of J^{L) 

f ^{f{x),x,df{x)) 

whose image in J^{L) is a Legendrian submanifold of (J^(L), 70). 

Proposition 3.11 (The Legendrian Neighbourhood Theorem). Let be a compact Leg- 
endrian submanifold of any contact manifold (M^"'"'"^, 7). Then there exists an open neigh- 
bourhood of L which is contact equivalent to an open neighbourhood of the zero section in 
(J^(L), 7o). Moreover, a section of J^{L) is Legendrian if and only if it is the 1-jet associated 
to a function on L. 

For further information on basic notions in contact geometry see [38, §3.4]. Note that unlike 
the Lagrangian case, every nearby Legendrian submanifold has an associated (globally defined) 
function. This makes it very plausible that the geometry of Legendrian submanifolds is closely 
related to function theory on these submanifolds. 
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3.4.2. Legendrian index: definition and basic properties. Let be a compact minimal 

Legendrian submanifold of S^'^"^. Define the Legendrian index of E, denoted l-ind(i;), to be 
the number of eigenvalues (counted with multiplicity) of A : C°°(E) — >■ C°°(S) in the interval 
(0, 2n). The Legendrian index of a regular SLG cone C means the Legendrian index of its link 
S. 

Remark 3.12. There is a geometric interpretation of the Legendrian index. It is the index of the 
operator corresponding to the second variation of volume of S when restricted to Legendrian 

variations of S, whence the name. Since wc do not use this fact we shall not give the proof. 
Using the fact that M is Sasakian-Einstcin if and only if the metric cone C{M) is Ricci-fiat 
Kahler [4, §1.1], the same geometric interpretation of the Legendrian index stills holds if we 
replace 5^""^ with any other compact Sasakian-Einstein manifold M. 

We want to prove that the Legendrian index of a SLG cone with isolated singularity in C" is 
at least 2n. This will follow from a slightly more general result, Lemma 3.13. First, recall some 
basic definitions from symplectic geometry. The symplectic complement Wjj- of a subspace W 
of a symplectic vector space {V'^'^,lo), is defined to be {v G V\ u;{v,w) = V it; G W}. Since 
a; is nondegenerate dimT^ + dim = dimF. W is coisotropic if D W^j-, and isotropic if 
W C W^. If W is isotropic then is coisotropic. If W is coisotropic and dim = n, then 
W = and is a Lagrangian subspace of V. 

If y = C" with the standard complex, symplectic and Euclidean structures J, lo, <, > we 
can interpret the symplectic complement in terms of the usual orthogonal complement and 
the action of J. In fact, = (JW)-^. Hence W is coisotropic if and only if (JW)-^ C W, 
or equivalently W D J{W^). More generally, if X is a coisotropic submanifold of a Kahler 
manifold (M, uj, g, J) this last inclusion implies that J maps sections of NX into sections of 
TX. If X is an isotropic submanifold of a Kahler manifold {M,uj, g, J), then instead J maps 
sections of TX into sections of NX. In the case that X is Lagrangian, J is an isometry 
between TX and NX. 

Lemma 3.13. Let C be a coisotropic cone of real dimension m (for some m > n) with link S 
in C" which has an isolated singularity at 0. Then C is linearly full, i.e. C is not contained 
in any hyperplane. In particular, if C is also minimal then X = m — 1 is an eigenvalue of As 

of multiplicity at least 2n. 

Proof. Define C' = C \ {0}. Suppose that C is contained in some hyperplane. Then there 
exists some a G C" so that the linear function laix) =< x,a > restricts to zero on C. It follows 
that a is normal to C at any point of C . Since C is a coisotropic submanifold this implies 
that Ja is tangent to C at any point in C . It follows that C is invariant under translations 
in the direction Ja. This contradicts our assumption that C has an isolated singularity at 0. 

For any minimal m-dimensional cone C = C(S) in C*, it is well-known that the restriction 
to the link S of any linear function on C" is an eigenfunction of As with eigenvalue equal to 
dim T, = m — 1. The result now follows from the first part of the lemma. □ 

Since any hypcrsurface of C" is automatically coisotropic, Corollary 3.13 implies that any 
minimal hypcrsurface of 5"^"^^ which is not a round hypersplicrc is automatically linearly full. 

Corollary 3.14 ([27, Prop 3.5]). The Legendrian index of any SLG cone mC* with an isolated 

singularity is at least 2n. 

Proof. Clearly a SLG cone C is a minimal coisotropic cone in C", and hence C is linearly full 
by the previous corollary. Hence n — 1 is an eigenvalue of As with multiplicity at least 2n. 
The result is now immediate from the definition of Legendrian index. □ 



THE GEOMETRIC COMPLEXITY OF SPECIAL LAGRANGIAN T^-CONES 



13 



We call a SLG cone C in C" with link S, Legendrian stable (or often just stable) if 

l-ind(C) = 2n, 

Jacobi integrable if every cigcnfunction of As with eigenvalue A = 2n arises as the variation 
vector field of some 1-paramcter family of minimal Legendrian submanifolds and rigid if 

dimker (A — 2n) = dimSU(n) — dimG 

where G is the subgroup of SU(n) which leaves C invariant. A rigid cone is automatically 
Jacobi integrable. 

We call C (Legendrian) strictly stable if it is both Legendrian stable and rigid. This is 
equivalent to the definition given in §3.3 that C is (Legendrian) strictly stable if s-ind(C) = 0. 
This terminology seems preferable to Joyce's use of stable for s-ind(C) = since it is more 
consistent with the use of stable and strictly stable in other minimal submanifold settings. 

In terms of eigenvalues of the Laplacian on functions on S, (Legendrian) stability implies 

Ai = n — 1 (with multiplicity 2n), and A2n+i = 2n. 

Strict stability implies further that A2n+i = 2ra has the minimum allowable multiplicity. In 
§4 we prove that if the link S is a 2-torus, and the cone C(E) is (Legendrian) stable, then S 
must be the Clifford torus described below in Example 3.16. 

There are relatively few Riemannian manifolds (M, g) for which one can compute Spec(A) 
explicitly. Typically (M, g) must be very symmetric for this to be possible. Below we compute 
Spec(A) and hence 1-ind and s-ind for the simplest minimal Legendrian submanifolds in C": 
the totally geodesic 5""^ and the Clifford torus T"~^. 

Example 3.15 (The round sphere). Let S be the totally geodesic minimal Legendrian sphere 
^-n-i ^ g2n-i defined by 5""^ = {z G S^""^ : lm{z) = 0}. In this case it is well-known that all 
eigenfunctions of As arise from the restrictions of harmonic homogeneous polynomials on 
[17]. Since with the Euclidean metric is the metric cone over S^~^, Lemma 3.7 shows that 
the restriction of a harmonic homogeneous polynomial of degree k on is an eigenfunction 
of As with eigenvalue A = k{k + n — 2). It follows immediately from (3.5) that 

= Z-{-l,-2,...,3-ra}. 

The dimension of the space of harmonic homogeneous polynomials of degree k is also known, 
e.g. [12, p. 1059]. It is also immediate that 

l-ind(S) = n, s-ind(E) = -n and ms(2) = ^(n - l)(n + 2) = dimSU(n) - dimSO(n). 

The third equality implies that S is rigid and hence also Jacobi integrable. The first two 
equalities imply that E violates inequality (3.9) and the inequality in Corollary 3.14. But 
since C(S) = is smooth everywhere, E does not satisfy the condition that C = C(E) has 
a singularity at the origin. 

Example 3.16 (The Chfford torus). Let E be the torus T'^-^ C S^''-'^ defined by 

r"-i = |z e 5^"-^ ■.\z,f = ... = = 1, arg(2i . . . z„) = o| . 

Then E is a minimal Legendrian submanifold invariant under the group T"~^ of diagonal 
matrices in SU(n). The metric on E induced by its embedding in S'^"'~^ is flat. For any flat 
torus one can explicitly compute Spec(A) as follows (see [17, p. 200] for a proof). 
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Any flat n-torus can be realized as the quotient M"/r of Euclidean n-space by some lattice 
r. Define the dual lattice T* by 

r* = {xeM." : <x,y>eZ for ah y G T}. 

Then the spectrum of A on R^/F is given by 

Spec(IR"/r) = {ATr^\x\^ : x G F*}. 

Hence to compute Spec(A) it is enough to find the dual lattice T* corresponding to S. 

S is a subset of an n-torus T" = {z G 5271-1 . |^^|2 _ _ |^^|2 = which is itself a 

flat minimal torus in S^'"~^. Since T" is the product of n circles of radius the induced 



flat metric on T"" corresponds to the lattice Fq spanned by Ei 



2tt 



2ir 



where ei, . . . is the standard orthonormal basis of W\ The dual lattice Fg is spanned by 



2n 



ei, 



2t7 ' 



S now corresponds to the sublattice F of Fq defined by 

{n n "^ 

kiEi eVoiheZ, ^ A;^ = o I . 

i=l i=l } 
A basis for F* is given by Vi, ■ ■ ■ , Hi-i where 



The Vi satisfy 



and so 



Hence we have 



<Vi,Vi>-- 



n 



2^T^/n 



71-1 

nei - Y ej 
i=i 



47r2 



and < Vi,Vj >= - 



47r2 



n—l 

E 

i=l 




(3.12) 



Spec(Aj'n-i) = < 



n— 1 n—l 

n ^ kf — ^ kikj 

1=1 ij=l 



(ki,...,kn-i) gZ' 



n-1 



In principle one can simply use (3.12) and a computer to find any finite part of the spectrum 
(including the multiplicities of the eigenvalues). Since the number of lattice points close to the 
origin in an n-dimensional lattice grows exponentially with n, a naive approach to computing 
Spec(A2'n-i) will fail to be effective when n is large. However, since we are most interested 
in eigenvalues in the range [0, 2n] one can easily do the computations for up to n = 12. From 
these computations one finds the following results (which in fact one can show hold for all n). 



ln-l^ 



n — l. 



Proposition 3.17 ([27, §3.2]). For alln, \i{T 
For n = 3, the Clifford torus is strictly stable, and hence both Legendrian stable and rigid. 

For n > 3, the Clifford torus T"~^ is not Legendrian stable and hence not strictly stable. 
For n > 3, the Clifford torus T"~^ is rigid except when n = 8 or n = 9. 

By Lemma 3.7 the previous proposition implies: there arc no extra sublincar homogeneous 
harmonic functions on C(r"~^) for any n, there are extra subquadratic homogeneous harmonic 
functions on C{T^~^) for n > 3, and there are extra quadratic harmonic functions when n = 8 
or 9. 
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For a table of Nj^{2), ms(2) and s-ind(E) for n < 12 see [27, §3.2, Table 1]. In fact, the 
table shows that for n < 9 the behaviour of the eigenvalues in the range [0, 2n] is somewhat 
erratic, but settles down for n > 10. Below we give a proof that for n > 3 the Clifford torus 
is not Legendrian stable and offer some explanation why the behaviour for n < 9 is different 
from higher values of n and why the Clifford torus fails to be rigid for n = 8, 9. 

For m G N and c G M, define Cm to be the vector (c, . . . ,c) G M"*. Given p, g G N with 
p + q<n-l define kp,,^ = (Ip, -Iq, On-p-q-i) G Z"'-^ Denote by Ap,g = (p + q)n - {p - qf 
the eigenvalue of A^-n-i corresponding to k^^g. The erratic behaviour of the eigenvalues in 
[0, 2n] for n < 9 can be understood by looking at which of the eigenvalues 

Ap^o = pin — p) for p G N n 

(by the symmetry p ^ n — p \i \s enough to consider only p < ^) are in the range [0, 2n\. 

^1,0 = n — 1 and A2,o = 2{n — 2) are in the interval [0, 2n] for any n and are distinct provided 
n 7^ 3. Since for n > 3 we have an eigenvalue 2n — 4 which lies in the interval {n — 1, 2n) it 
follows immediately that we have l-ind(r"~^) > 2n, i.e. for n > 3 the Clifford torus is not 
Legendrian stable, and hence also not strictly stable. 

For other values of p, whether Ap^o G [0, 2n\ depends on both p and the dimension n. For 
n < 8 the maximum value of p{n—p) is less than or equal to 2n. That is, for n < 8, Ap^o € [Oj 2ra] 
for any p G N H [1, ^] . For n > 8, by comparing p{n — p) to p(8 — p) it follows that Ap.o G [0, 2n] 
implies p < 4. Since we already know Ai^O)'^2,o £ [0, 2n] for any n, we need only deal with 
p = 3. But A3,o < 2n implies n < 9 with equality if and only if n = 9. Hence the eigenvalues 
in the range [0, 2n] of the form Ap,o are: 

Ai^o for n = 3, 

-^1,0 < '^2,0 for JT- = 4, 5, n > 10 
Ai.o < A2,o < As^o for n = 6, 7 and 9 
Ai,o < A2,o < As^o < -^4,0 for n = 8. 

Note that for n = 8, A4^o coincides with 2n, and for n = 9, As^o coincides with 2n. These 
account for the extra A = 2n eigenfunctions which in dimensions 8 and 9 cause the Clifford 
torus not to be rigid. 

In §4 and §5 we will find methods to estimate l-ind(C) and s-ind(C) for more complicated 
SLG cones C which do not require us to compute the whole spectrum of A. 

3.5. Comparison with Hamiltonian index. Oh gave the formula for the second variation 
operator J7 of a compact minimal Lagrangian submanifold L of a Kahler-Einstein manifold 
M thought of as an operator on 1-forms on L [45]. When M = CP"~^ with the metric 
induced by the Hopf fibration of the unit sphere S"^"^^, his formula gives J' = A^ — 2n. Since 
we took A to be a nonnegative operator (Rmk 3.8), is bounded below but in general has 
negative eigenvalues. Accordingly, for CP"^^ the index of L as a minimal submanifold, denoted 
ind(L), is equal to the number of eigenvalues (counting multiplicity) in the range [0, 2n) of the 
Laplacian acting on 1-forms. In particular, Hodge theory implies that ind(L) > b^{L). 

We may also consider J' restricted to Lagrangian variations, and use this to define the La- 
grangian index, denoted Lag-ind. By the Lagrangian neighbourhood theorem we need to look 
at variations corresponding to closed 1-forms. Clearly harmonic 1-forms on L still contribute 
to the Lagrangian index. By the Hodge decomposition, any 1-form a orthogonal to the har- 
monic 1-forms and satisfying Aa = Xa, for nonzero A is a sum of an exact and a coexact piece. 
The coexact 1-forms do not correspond to Lagrangian variations. When a is exact, i.e. a = df 
for some function / on L, the corresponding variation of L is called a Hamiltonian variation. 



n 
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We can accordingly define a notion of the Hamiltonian index of L, denoted h-ind(L). L is said 
to be Hamiltonian stable if its Hamiltonian index is equal to zero. 

Since Adf = Xdf <^=^ A/ = A/, it follows that the Hamiltonian index of L in CP""^ is 
equal to the number of eigenvalues (with multiplicity) of A : C^{L) C°^{L) contained in 
the open interval (0, 2n). Hence we have Lag-ind(L) = b^{L) + h-ind(L). In the special case 
where L is a surface then the coexact 1-forms also come from eigenfunctions of A acting on 
C°°(L). Hence when L is a surface we have ind(L) = b^{L) + 2 h-ind(L). 

Since on its horizontal space the Hopf projection tt : 5^""^ — > CP"^"^ is an isometry, it 
follows that the Legendrian index of a minimal Legendrian submanifold S in S'^"'~^ is equal to 
the Hamiltonian index of the corresponding minimal Lagrangian submanifold 7r(S) in CP"^^. 
By Remark 3.9, A = n— lis always an eigenvalue of any minimal Legendrian submanifold S 
of S"^""^. Hence the corresponding minimal Lagrangian submanifold 7r(S) of CP""^ is never 
Hamiltonian stable. In particular, the image in CP""''^ of the Clifford torus in S"^""^ is not 
Hamiltonian stable. On the other hand Oh [45, Thm 5.4] showed that what he called the 
Clifford torus T"'~^ in CP"~^ is Hamiltonian stable for all n. 

To reconcile these two facts we notice that the metric induced on the standard Clifford torus 
in 52"-! is a Z„-cover of the metric on the standard Clifford torus in CP""^, i.e. ^cpn-i = 
Tg2n-i /Zn- ariscs because it is the centre of SU(n). Hence the eigenfunctions on the 
complex projective Clifford torus are exactly the eigenfunctions on the spherical Clifford torus 
which are Z„-invariant. In §4 we will characterize the Clifford tori both in CP^ and in as 
the only Hamiltonian stable/Legendrian stable minimal Lagrangian/Legendrian 2-torus. 

4. Special Lagrangian cones in dimension three 

The theory of SLG cones in has a distinctive flavour. There are two principal reasons 
for this. First, the link S of such a cone is a surface and the geometry of A on a surface 
has special features. Second, if S is homeomorphic to a 2-torus then powerful methods from 
integrable systems can be applied, e.g. [39-42]. In principle, these methods allow the con- 
struction of all SLG r^-cones. In practice, it has proven difficult to extract useful differential 
geometric/analytic information from the integrable systems constructions. In §4.3 we prove 
two results in this direction. The main results of this section are the following. 

First, in Theorem A we prove that the cone on the Clifford torus in is the unique stable 
(and hence also strictly stable) SLG T^-cone. This answers a problem posed by Joyce [24, 
§10.3], and proves that the Clifford torus is the only SLG T^-cone which can appear in an index 
1 singularity (Corollary B.6). In Theorem B we prove the analogous result for the Clifford 
torus in CP^, replacing the notion of (Legendrian) stability by Hamiltonian stability. 

Second, in Theorem C for any minimal Legendrian 2-torus we give an explicit lower bound 
for the Legendrian index and for the stability index, in terms of a ftmdamental invariant of the 
integrable systems side, the spectral curve genus. These bounds imply that minimal Legendrian 
2-tori with large spectral curve genus have large Legendrian and stability indices. 

Third, in Theorem D we give explicit lower bounds for the area of a minimal Legendrian 
2-torus in terms of the Legendrian index, the stability index or the spectral curve genus. This 
result gives a special Lagrangian analogue of results proved in [15, Thm 6.7] for minimal tori 
in S^. [15] makes essential use of "quaternionic holomorphic" methods which do not appear 
applicable to SLG geometry. Our results employ completely different methods, namely results 
from the spectral theory of A on a compact surface. 

In §4.1 we review results from the spectral theory of A on a compact Riemann surface. In 
§4.2 we use a result on minimal immersions by first eigenfunctions to prove Theorem A. The 
Hamiltonian analogue of this result, Theorem B, is proved using results from §4.1. In §4.3 we 
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review the construction of SLG T^-cones in terms of spectral curve data. By combining this 
construction with results of §4.1 we prove Theorems C and D. 

4.1. The geometry of the Laplacian on surfaces. Wc recall some facts from the spectral 
geometry of surfaces. In a number of respects the geometry of the Laplacian A : C°°(S) — > 
C°°(S) on a compact surface S is more rigid than in higher dimensions. 

Let M be a compact manifold endowed with any Riemannian metric h. Let A/j : C°°(M) 
C°°{M) be the Laplace-Beltrami operator with respect to the metric h. A/j is a second order 
self-adjoint elliptic operator when acting on the Sobolev space Lf(M). Its spectrum consists 
of a countably infinite set of discrete eigenvalues Spec(A) = {0 = Aq < Ai < . . . < Aj < . . .} 
each of finite multiplicity. 

When M = an orientable surface of genus g, Yang-Yau [53] proved that 

(4.1) Ai Area(E) < 87r(l + 5) 

holds for any metric h on E. The natural higher-dimensional analogue of (4.1) turns out to be 
false [50]. Several authors have proved upper bounds for the multiplicity of the i-th eigenvalue 
in terms of i and the genus ^ of S. 

Theorem 4.1 ([44]). Let (S^,/i) be a compact orientable Riemannian surface of genus g, and 
let rui be the multiplicity of the i-th eigenvalue Aj of As acting on functions. If g = 0, then 
rui < 2i + 1. If g = 1, then rui < 2i + 4. If g > 1, then nii < 4g + 2i — 1. 

Remark 4.2. The first result of this kind was proved by Cheng [11], and was subsequently 
improved by Besson [3] and then Nadirashvili [44]. 

Remark 4.3. The bound in Theorem 4.1 is linear in the index i and the genus g. However, the 
multiplicity grows like at most \/l and ^ in all known examples. It is an open problem to 
determine the correct rate of growth of with respect to i and g. 

Remark 4.4. In contrast to Theorem 4.1, Colin de Verdicrc [13] proved that on any compact n- 
manifold with n > 3, one can prescribe any finite part of the spectrum of A/j by an appropriate 
choice of metric h. 

Let / be an eigenfunction of A, and define the nodal set of f to be /^^(O). The structure 
of the nodal set of any eigenfunction / of A on a surface S is well understood. It consists of 
the union of smooth simple curves (the nodal lines) and isolated singular points where finitely 
many nodal lines intersect. Near each singular point /~^(0) is homeomorphic to the zero set 
of a harmonic homogeneous polynomial on M^. Hence at each singular point p the curves form 
an "equiangular configuration", and the number of curves that intersect at p is determined 
by the vanishing order of / at p. In higher dimensions /~^(0) may have a more complicated 
structure [19]. 

The set M — /~^(0) is in general not connected. Its connected components are called the 
nodal domains of the eigenfunction /. Because / has the same sign on each nodal domain and 
vanishes on its boundary, the restriction of / to each nodal domain is a first eigenfunction for 
the Dirichlet problem on that nodal domain. 

Theorem 4.5 (Courant Nodal Domain Theorem, [2, 11]). Let {M,h) be a compact Riemann- 
ian manifold with dM = 0, and Aj be the ith eigenvalue of acting on C°°(M). Then 

(i) Ai > and any eigenfunction with eigenvalue Ai has exactly 2 nodal domains. 

(ii) the number of nodal domains of any eigenfunction with eigenvalue Aj is at most i-\-l. 
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That is, the number of nodal domains of an eigenfunction gives us a lower bound on the index 
of the corresponding eigenvalue. In §5.2 we will use Theorem 4.5 to prove lower bounds for 
the Legendrian and stability indices of 5'^-invariant minimal Legendrian tori in S^. 

Another powerful tool to study the spectral geometry of A on any Riemannian manifold 
{M,g) is the heat kernel. The heat kernel H(x,y,t) G C°°(M x M x R+) is the fundamental 
solution to the heat equation 

du . 

m = 

If {M,g) is complete, then the heat kernel H{x,y,t) always exists [48, p94]. If M is compact 
then [48, pl03] 

oo 

H{x,y,t) = ^e~^''Ux)My) 

where {0i}^Q is an orthonormal basis of L'^[M) consisting of eigenfunctions of with eigen- 
values {Ajj^o- particular, the trace of the heat kernel satisfies 



„ oo 

/ H{x,x,t)dx = ^e~^'* 
Jm 

Cheng-Li- Yau [12] proved comparison results for the heat kernel of a minimal submanifold 
immersed in any of the simply connected space forms H", or S". Prom these results one 
can prove the following. 

Theorem 4.6 ([12, Thms 5,6]). Let M be a compact n-manifold without boundary minimally 
immersed in some sphere 5""+' . Let \i and fii denote the eigenvalues of A on M and S"' 
respectively. Define 6(M) to be the ratio 

e(M) = 

^ ^ Vol(5") 
Then the trace of the heat kernel on M and on S"" satisfy 

oo oo 

(4.2) e"^'* < e(M) e^^'* 

1=0 i=0 

for t > 0. 

G(M) is the (n + l)-density of the singular point of the minimal cone C{M) over M. By 
taking the limit as t ^ cx) in (4.2) we see immediately that Q{M) > 1. We will use Theorem 
4.6 in §4.3 to prove that the area of a minimal Legendrian 2-torus increases at least linearly 
with its spectral curve genus. 

4.2. Stable SLG cones and minimal immersions by 1st eigenfunctions. Recall from 

Corollary 3.14 that a non-planar regular SLG cone C in C"" has Legendrian index at least 2n. 
C is called Legendrian stable if l-ind(C) = 2n. In terms of eigenvalues of As on the link E, 
Legendrian stability is equivalent to 

Ai = n — 1 (with multiplicity precisely 2n), A2n+i = 2n. 

When n = 3 this puts considerable restrictions on the minimal Legendrian surface S. The 
main result of this section. Theorem A, shows there is essentially a unique such surface if 
E is a 2-torus. To prove this theorem wc need a result (Theorem 4.7) on isometric minimal 
immersions induced by first eigenfunctions. 

Let (/) : M ^ S"' he a minimal immersion of a compact m-manifold M into any unit sphere. 
Since the restrictions of linear functions on M'*+^ to M are always eigenfunctions for Am with 
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eigenvalue m, we always have the inequality Ai(M) < m. Minimal immersions of m-manifolds 
into spheres with Ai = m are very special. They appear naturally in other geometric problems 
and naturally give rise to isometric minimal immersions induced by first eigenfunctions of the 
Laplacian [34, 43]. In their work extending results of Li-Yau [34] and Montiel-Ros [43] to higher 
dimensions, El Soufi-Ilias proved the following useful result. 

Theorem 4.7 (El Soufi-Ilias [14]). Let {M,go) be an n-dimensional compact Riemannian 
homogeneous manifold which is not homothetic to S", and let g = fgo be any metric conformal 
to go- Suppose that {M,g) admits a minimal isometric immersion by first eigenfunctions into 
some unit sphere, then f is constant. 

A simple corollary of the previous result is the following. 

Corollary 4.8. Let {T'^,g) be any metric on a 2-torus. Suppose that {T'^,g) admits a minimal 
isometric immersion by first eigenfunctions into some unit sphere. Then g must be flat. 

Proof. Any metric g' on a 2-torus is conformal to some flat metric, and any flat metric on 
is isometric to the quotient of M? with its Euclidean metric by the action of some lattice F. 
Clearly, M^/T is homo geneous. The result now follows immediately from Theorem 4.7. □ 

Using the previous corollary we can now give a very simple proof of the following result. 

Theorem A. The Clifford torus is the unique (up to unitary equivalence) minimal Legen- 
drian 2-torus in which is Legendrian stable, i.e. has l-ind(T^) = 6. 

Proof. Let be any Legendrian stable minimal Legendrian surface in S^, and let g denote 
the metric induced on S from S^. Then l-ind(S) = 6 =^ Ai(S) = 2. It follows that the first 
eigenfunctions of {T,,g) (the restrictions to E of the linear functions on C^) give a minimal 
isometric immersion into S^. If S is a 2-torus, Corollary 4.8 implies that it must be flat. But 
(up to finite covers) the Clifford torus is the unique fiat minimal Legendrian torus in (up 
to unitary equivalence) [21, §2.3]. In fact, one can prove that no nontrivial finite cover of the 
Clifford torus will still have the property that Ai = 2, e.g. see the final paragraph in the proof 
of Thm B. □ 

There is a natural analogue of Theorem A for CP^ due to Urbano. Although Theorems 
A and B are closely related there does not seem to be a way to deduce one from the other, 
especially since in higher dimensions the Clifford torus is Hamiltonian stable but no longer 
Legendrian stable. Below we give a new proof of Theorem B using Theorem 4.1. Our proof is 

considerably shorter than Urbano's original proof. 

Theorem B ([51. Cor. 2]). The Clifford torus T^ is the unique (up to unitary equivalence) 

Hamiltonian stable minimal Lagrangian torus in CP^. 

Proof. Let S be a minimal Lagrangian torus in CP^. Then S is Hamiltonian stable if and only 
Ai = 6. Any element of SU(3) acts in a Hamiltonian fashion on S giving a variation through 

minimal Lagrangian tori. Differentiating such a variation gives a Jacobi field on S, i.e. a 
solution of J'(f) = 0, and hence an eigenfunction satisfying = 6(p. Let G be the identity 
component of the subgroup of SU(3) preserving S. Then 

dimker(Ax; — 6) > dimSU(3) — dimC. 

For a 2-torus, it follows from the integrable systems machinery described in §4.3 that the 
possible choices for G are {e}, S^,T^. Hence we have dimker(A — 6) > 6, with equality if and 
only if the symmetry group of S is T^. 
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On the other hand, for any metric y on a 2-torus, Theorem 4.1 shows that the first nonzero 
eigenvalue of on functions has multiphcity less than or equal to 6. Hence if S is Hamiltonian 
stable then S is invariant under a T^-subgroup of SU(3) which makes S into a homogeneous 
space. But homogeneity on a 2-torus implies that the metric is flat. But the only flat minimal 
Lagrangian torus in is up to a finite Riemannian cover the Clifford torus [21, §2.3]. The 
Clifford torus is already known to be Hamiltonian stable by computing its spectrum via the 
dual period lattice as in Example 3.16. 

Clearly not all finite covers of the Clifford torus can be Hamiltonian stable e.g. the Z3 
cover of the Clifford torus given by the projection of the Clifford torus in to CP^ is not 
Hamiltonian stable. In fact, no nontrivial finite cover of the Clifford torus is Hamiltonian 
stable. First a short computation shows that the area of the Clifford torus in S'' is 47rVV3. 
Hence the area of the Clifford torus in is 47r2/3\/3. Hence ff is any fc-fold Riemannian 
cover of the Clifford torus in CP^ then 

Area(E,) = 

But if Ejt is Hamiltonian stable then Ai(Sjfc) = 6. Hence by (4.1) we have 

_ < IGtt ^ k< ^ 1.103 < 2. 

3^3 ~ ~ TT 

□ 

Several parts of the above proof fail in higher dimensions. Most crucially we have no higher 
dimensional analogue of Thm 4.1. 

4.3. Integrable systems and spectral curves of SLG T^-cones. In the general setting 
of harmonic maps from a 2-torus into a Lie group or symmetric space, powerful integrable 
systems and loop group methods have been developed by various authors e.g. [6, 23, 41, 42, 47]. 

In many cases these methods allow one to prove that harmonic 2-tori up to natural geometric 
equivalence are in one-to-one correspondence with certain algebro-geometric data (its so-called 
spectral data). 

While in theory this yields all harmonic tori of certain types, in practice it is not obviously so 
useful. There are two principal difficulties. The first is to recognize when some given spectral 
data actually corresponds to a harmonic torus. This is problematic because of certain period 
conditions which must hold if the construction is to yield a torus. A second more fundamental 
issue is that it has proven very difficult to derive useful differential-geometric information 
directly from the algebro-geometric data. 

For example, one suspects that harmonic tori with spectral curves of high genus must be 
complicated geometrically. So one would like to prove that there exists a lower bound for the 
energy (area if it is also a conformal map) of any harmonic torus with spectral curve of a given 
genus g and that this bound increases with g. A breakthrough in this problem was achieved 
only very recently. For minimal tori in and constant mean curvature tori in (the Gauss 
map of which is a non-conformal harmonic map to S"^) Thm 6.7 of [15] proves a lower bound 
for the energy that grows quadratically with the spectral curve genus. The method of proof by 
Ferus et. al. uses the theory of "quaternionic holomorphic geometry" (and the quaternionic 
Pliicker formula in particular) in an essential way. It does not appear possible to fit minimal 
Legendrian tori into the same framework. 

Nevertheless, we can prove analogous results in the minimal Legendrian setting. We exhibit 
lower bounds not only for the area, but also the Legendrian index and the stability index 
of any minimal Legendrian 2-torus in terms of its spectral curve genus. We use completely 
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different methods from [15] and use in an essential way the results of §4.1 on the geometry of 
eigenvalues of A on a surface. 

We begin with results due to Mcintosh on the existence of a "spectral curve" for any SLG 
T^-cone. The fundamental facts that the spectral curve machinery gives us (and the only ones 
which we use heavily) arc the following: 

Any minimal Lagrangrian torus in CP^ has an associated algebraic curve of even genus g, 
its spectral curve. Any minimal Lagrangian torus in CP^ with spectral curve of genus g = 2d 
comes in at least a (d — 2) -dimensional family of geometrically distinct tori. 

By combining these fundamental facts with results from §4.1 we prove Theorem C. It 
gives an explicit lower bound for the Legendrian and stability indices of any SLG T^-cone in 
terms of its spectral curve genus. Theorem D uses Theorem 4.6 to prove that the area of any 
minimal Legendrian 2-torus is bounded below by an explicit function of the spectral curve 
genus. Theorems C and D provide further evidence for the general principle that harmonic 
tori with high spectral curve genus are complicated differential-geometrically. 

4.3.1. Spectral curves of SLG T'^-cones. Every SLG T^-cone C in determines both a min- 
imal Legendrian torus S in (its link) and a minimal Lagrangian torus 7r(E) in CP^ where 
TT : ^ CP^ is the Hopf map. Conversely, [41, Prop 4] proves that up to a possible Za-cover 
we can reverse this construction and lift any minimal Lagrangian torus in CP^ to a minimal 
Legendrian torus in S^, which forms the link of a SLG torus cone. 

Integrable systems methods can be used to construct all minimal Lagrangian toriinCP^. Be- 
low we review Mcintosh's work on the existence of spectral data for every minimal Lagrangian 
torus in CP^. For further details of this construction we refer the reader to [25, 41, 42]. How- 
ever, it turns out that to prove our results we will need very little detailed information about 
the spectral curve construction or other integrable systems intricacies. 

Mcintosh [39, 40] proved that any harmonic 2-torus in CP" which is not (complex) isotropic 
has associated to it unique spectral data and that this spectral data determines the torus 
up to congruence. In particular, this proves that any minimal Lagrangian 2-torus in CP^ is 
constructed from some spectral data. What remains is to characterize precisely which spectral 
curves correspond to minimal tori which are Lagrangian. 

The construction of [39] associates to each minimal torus in CP^ its spectral data {X, A, £.). 
This consists of a real algebraic curve X, a degree 3 function A on X and a holomorphic line 
bundle C over X. A and C both respect the real involution of X. If the torus is also Lagrangian 
then X must possess an additional holomorphic involution n which both A and C also respect. 
This implies, for example, that jC lies in (a translate of ) the Prym variety defined by {X,fi). 
The main result of [42] is that these additional conditions characterize the spectral data of 
minimal Lagrangian 2-tori. 

Theorem 4.9 ([42, Thm 1]). There is a bijective correspondence between: 

(i) congruence classes of minimal Lagrangian tori ^ : — > CP^ (with base point on T"^), and 

(a) equivalence classes of spectral data {X,X,C, /j,). 

This spectral data consists of a compact Riemann surface X of even genus g = 2d, A : X — >■ C 
a degree three cover, L a holomorphic line bundle over X of degree g + 2 and fi a holomorphic 
involution on X all of which satisfy some compatibility conditions and some double periodicity 
conditions. 

For the precise statement of the conditions that the spectral data must satisfy we refer 
the reader to [42, §4.1]. We will not need them in the remainder of this paper. Taking into 
account all the conditions that the spectral data of a minimal Lagrangian torus must satisfy 
and performing a parameter count suggests that for each d there should be a countable family 
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of data (X, A, //) producing minimal Lagrangian tori. However, the important fact for our 
purposes is that any minimal Lagrangian 2-torus whose spectral curve has genus g = 2d comes 
in a real (d — 2)-dimensional family of minimal Lagrangian tori. This {d — 2)-dimcnsional 
family arises by varying the line bundle C in the d-dimensional Prym variety of (X, /Lt) , and 
discarding the choice of base point on T^. 

Given the periodicity conditions that the spectral data must satisfy it is not at all obvious 
that spectral data corresponding to minimal Lagrangian tori exist for each even genus g = 2d. 
If X has genus 0, then the associated minimal Lagrangian torus is the Clifford torus. If X has 
genus 2, it follows from [41] that the associated minimal Lagrangian torus is S'^-equivariant. 
Such tori have been studied by several authors including the author [21, 22], [9] and [31]. The 
explicit construction of such tori in terms of elliptic functions and integrals will be reviewed 
in §5. Joyce has given some special examples of minimal Lagrangian tori with spectral curve 
genus equal to 4 [25] . For 5 > 4, no explicit examples are known of spectral curves which satisfy 
the periodicity conditions necessary to correspond to a minimal Lagrangian torus. However, 
Carberry and Mcintosh recently proved the following result. 

Theorem 4.10 ([8]). For each d > 2, there are countahly infinite families of spectral data 
{X,X,fi) of spectral genus equal to 2d which give minimal Lagrangian tori in CP^. 

The facts from the discussion above that we will need in the rest of this paper are summarized 
below. 

(1) Every minimal Lagrangian torus in CP^ has associated spectral data which deter- 
mines the torus up to congruence. 

(2) The spectral data includes an algebraic curve of even genus g = 2d called the spectral 
curve, g is called the spectral curve genus of the torus T^. 

(3) Any minimal Lagrangian torus of spectral curve genus g = 2d comes in a family of 
non-congruent minimal Lagrangian tori of real dimension at least {d — 2). 

4.3.2. Area, Legendrian index, stability index and spectral curve genus. In this section we prove 
that the Legendrian index, the stability index and the area of a SLG T^-cone all increase at 
least linearly with the spectral curve genus. 

Theorem C. Let C he a SLG T^-cone in with an isolated singularity at 0, and let g = 2d 
denote the spectral curve genus of the associated minimal Lagrangian torus : — > CP^. 
Then for any d> 3 we have 



where [x]'^ denotes the smallest integer not less than x G M, i.e. [x]'^ := min{n G Z | n > x}. 

Proof. Given cf) : ^ CP^ a minimal Lagrangian torus, deformations of (j) through minimal 
Lagrangian surfaces give rise to Jacobi fields on T^, i.e. solutions of J'v = 0. Clearly, any 
element of SU(3) determines a deformation of ^ as a minimal Lagrangian surface. For d > 1, 
the corresponding minimal Lagrangian torus has no continuous symmetries and hence SU(3) 
gives rise to an 8-dimensional space of Jacobi fields. For d > 2, there is at least a (d — 2)- 
dimensional family of additional Jacobi fields arising from varying the line bundle C in the 
spectral curve description of (p within Prym(X, 

But Jacobi fields on arising from Lagrangian deformations are in one-to-one correspon- 
dence with eigenfunctions v satisfying Av = 6v, where A is acting on functions on T^. So the 



(4.3) 




and 



(4.4) 
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multiplicity of 6 as an eigenvalue of A is at least dim SU(3) + (d — 2) = 6 + d. Trivially, we 
have the lower bound s-ind(C) > d — 2. Wc get an improvement of 1 to this lower bound using 
the fact that from Theorem A, l-ind(C) > 7 whenever d > 0. 

We can also prove a lower bound for l-ind(C) and use this to improve the lower bound for 
s-ind. Let i G N be the unique index so that Ai_i < 6 and Aj = 6. Theorem 4.1 implies that 
this index i must satisfy 4 + 2z > d + 6. Hence there are at least [^]'^ eigenvalues of A in the 
range (0, 6). Since by Theorem A, l-ind(C) > 7 whenever d > 0, we have obtained the claimed 
lower bound for l-ind(C). Finally, s-ind(C) >(d-2) + |- 6 = |^-8as claimed. □ 

Remark 4.11. Theorem C shows that l-ind and s-ind grow at least linearly with the spectral 
curve genus g = 2d, using the result (Thm 4.1) that the multiplicity of an eigenvalue of A on 
a surface grows at most linearly with its index. As we already noted in Remark 4.3, in all 
known examples the multiplicity rrii of an eigenvalue Aj of A on a surface grows at most like 
the square root of the index. If one could prove mj < c^/i + d for some constants c > and 
d G M, then the proof given in Theorem C would show that l-ind and s-ind must grow at least 
quadratically with the spectral curve genus. 

Theorem D. Let C be a SLG T^-cone in with an isolated singularity at 0, and let g = 2d 
denote the spectral curve genus of the associated minimal Lagrangian torus cf) -.T"^ ^ CP^ . Let 
S be the link of the cone C. Then for any d> S we have 

(4.5) Area(S) > |d7r. 

Proof. We will prove this result using Theorem 4.6 and Theorem C. To make use of Theorem 
4.6 we need to have an upper bound for the trace of the heat kernel H on the standard 5^. 
This is not difficult to obtain. From the explicit expression for the eigenvalues /Xj of A on S*^, 
the trace of the heat kernel H is given by 



„ oo oo 

Trace52 H{t) = / H{x, x, t)dx = Y e"'^'* = Y {2i + 1)6-'^^+^)* 



for any t > 0. Define the function f(t,x) = {2x + l)e-^(=^+i)* and let ai{t) = f{t,i) for i G N. 
Then Trace 92 i7(t) = '^'^QO-iit)- A calculation shows that / is a decreasing function of x 
provided t > (20:4-1)^ • Hence by the Integral Test, we have 

^ roc _^ _ 

Trace52 H{t) < ^ (2i + l)e-^(^+i)*+ / {2x + l)e-^(^+i)*da; = ^ (2i + l)e-^(^+i)*+ie-'=('=+^)* 

i=0 •'^ i=0 

provided t > (2fcTTF- 

Let Aj be the eigenvalues of A on S, and define Nj]{X) as in §3.3. Then for the trace of the 
heat kernel on S we have 



TVaces H{t) = ^ e"^^* > 1 + (A^s(2) - l)e" 

i=0 

Hence given any fc G N, applying Theorem 4.6 implies that 

47r(l + (iVs(2)-l)e-6*) 



6t 



(4.6) Area(S) > 
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holds provided t > (2fc+i)^ • taking k = 4, and letting t = > ^2k+i)^ ~ M f^om (4.6) we 
obtain 

(4.7) Area(S) > 47r (^i + ^(iVs(2) - 1)) . 

Prom the proof of Theorem C wc sec that iVs(2) — 1 > |d — 2, where g = 2d denotes the 
spectral curve genus of E. Hence we have 

Area(S) > ^ (2 + |d - 2) = Jc/tt 
18 3 

as claimed. □ 

Remark 4.12. As in Remark 4.11, if one could prove improve the bounds from Theorem 4.1 
for the multiplicity rrii of the eigenvalue A, to nii < cVi + d for some constants c > and 
d G M, then the previous proof would show that Area(S) must grow at least quadratically with 
the spectral curve genus of S. We conjecture that the area does indeed grow quadratically 
with spectral curve genus. For minimal tori in it was proved in [15] using quaternionic 
holomorphic methods that the area does grow quadratically with the spectral curve genus. 

Remark 4.13. The constants appearing in the conclusion of Theorem D are not the optimal 
constants that one could achieve using this method. Rather they were chosen to keep the 
algebraic manipulations simple. 

Remark 4.14. There is a natural higher dimensional analogue of Theorem D. Since Spec(A) 
is explicitly known for S'^~^ for all n, it is once again possible to obtain upper bounds for 
the trace of the heat kernel on S"""^ for n — 1 > 3 [12, Lemma 3]. Let E"""^ be any compact 
minimal Legcndrian submanifold of S"^"^^, and for A > define A^s(A) as in (3.6). Combining 
the upper bound for the trace of the heat kernel on S'"'~^ with Theorem 4.6 leads to the 
existence of some positive constant Cn,\ depending on n and A but not on E so that 

Vol(E«-i) > C„,AiVs(A)Vol(5"-i). 

In particular, by taking A = 2 we see that the volume of any minimal Legendrian submanifold 

Y^n-i j-j-^yg^ grow at least linearly with the number of eigenvalues in the range [0, 2n]. However, 
in higher dimensions we have no equivalent of the spectral curve description through which 
we can force the Legendrian index or A^s(2) to grow. 

Theorems C and D together with Theorem 4.10 imply 

Corollary 4.15. There exist SLG T^-cones with arbitrarily large Legendrian index, stability 
index and area. 

In §5 we will prove that the same result holds even if one restricts to S^-invariant T^-cones. 
This shows that there is no upper bound for the area, Legendrian index or stability index just 
in terms of the spectral curve genus. The proof is independent of the results in this section. 

5. Explicit SLG T^-cones and refined lower bounds for l-index 

Explicit descriptions of minimal Legendrian tori in invariant under a 1-parameter sub- 
group of SU(3) were given by the author in [21, 22]. In §5.1 we recall the main features of this 
construction. In §5.2 we use the explicit descriptions to obtain refined estimates of the Leg- 
endrian and stability indices of 5^-invariant minimal Legendrian 2-tori. We use these explicit 
descriptions again in §6 to obtain analytic and numerical results on the area of S'^-invariant 
minimal Legendrian tori. The main results of the section are Theorems E and F. 
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5.1. Explicit descriptions of S^-invariant minimal Legendrian tori. For each pair 
(a, J) G [0, 1] X [0, we will associate an minimal Legendrian immersion Ua,j : — 5^ as 

follows. Given (a, J) G [0,1] x [0, define 

A = (1, a, — 1 — a), // = 1 X A, J=Jjl, ^4 = \/^diag (A) G su(3). 
Define 7a,j(i) to be the unique solution to the first order nonlinear ODE 

with the property that 7(0) = 7mm where 7mm denotes the minimum value attained by 7. 
■~f{t) can be expressed in terms of the Jacobi elliptic function sn. The definition of sn and the 
other Jacobi elliptic functions, together with some basic properties, are given in Appendix A. 
For (a, J) G [0, 1) x [0, ^^), there are three solutions ri,r2,r3 to (5.1) with 7 = 0. Let us 
label these solutions so that r2 < < Fi < Fa. We can rewrite (5.1) as 

(5.2) 72 ^ 4^^^2/X3(7 - ri)(7 - r2)(7 - Ta). 

The following proposition expresses 7(t) in terms of the Jacobi elliptic function sn. 

Proposition 5.1 (Haskins, [21, Prop 4.2]). The unique solution of (5.2) with 7(0) — 7mm — 
F2 is given by 

(5.3) 7(t) = F2-(F2-Fi)sn2(rt,A:) 
where 

(5.4) r2 = m/X2/X3(F3-F2), ^ = ^^^ 

i 2 — i 3 

and sn is the Jacobi elliptic sn-noidal function. 

The proof is a straightforward computation using elementary properties of the Jacobi elliptic 
functions. Since the period of sn {t, k) is AK{k) where K{k) is the complete elliptic integral 
of the first kind defined in (A. 2), Proposition 5.1 implies that 7 is periodic of basic period 
T J = 

Define the following nine functions Ri,9i, Zi of t by 

(5.5) R^(t)=j{t)fii + l, 



3' 



(5.6) 0,(t) = ^, with^i(0) = 0, 



(5.7) Zi{t) = Ri{t) exp iV^eiit)) 
for i = 1, 2, 3. Define Ua,j by 

(5.8) Ua^j{s,t) = e"^" {zi,Z2,Z3) . 

Theorem 5.2 (Haskins, [21, Thm D]). For any {a, J) G [0, 1] x [0, ^], Ua,j defined by (5.8) 

is a minimal Legendrian immersion M? — > with the following properties: 

(i) Ua,j is invariant under the 1-parameter subgroup of SU(3) generated by A G su(3). 

(a) For a = 1 or J = these immersions all describe the Clifford torus, but otherwise all 

the immersions are geometrically distinct. 
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For a G Q n [0, 1], the 1-parameter subgroup of SU(3) generated by A closes up to form a 
circle — the corresponding immersions Uaj then factor through a minimal Legendrian cylinder 
which in general will have dense image in S^. For special values of J, the immersion Ua,j will 
admit a second independent period and hence Ua.j will factor through a minimal Legendrian 
torus. This happens whenever the curve in C'^ defined by 

t^{zi{t),Z2it),Z3{t)) 

forms a closed curve. Since 7 and hence each of the Ri are periodic of period r„_ j, this happens 
if and only if 9i{Ta^j) G vrQ for i = 1,2, 3. However, these three rationality conditions are not 
independent. From [21, Lem 5.1] the sum of the angles X^^i(t) satisfies 

(5.9) j{t) =2J tan 
It follows from this [21, Cor 5.2] that 

(5.10) ^eiiT)=o. 

The following proposition gives the conditions under which Ua,j admits two independent 
periods. 

Proposition 5.3 (Haskins, [21, Prop 5.3]). (a) (tr, r) is a period of u^^j ^ r G NT^^j. 
(h) u admits two independent periods =^ it admits a period of the form {a, 0) . 

(c) u admits a period of the form (a, 0) if and only if a & Q. 

(d) u admits two independent periods if and only if a and ^{a9i{T) — 02{T)) G Q. 

There are two cases of the previous proposition where it is straightforward to verify that 
the rationality condition needed for double periodicity holds: when J = or when a = 0. 

For the case J = 0, it follows from (5.6) that 9i{t) = for i = 1,2, 3. Hence the rationality 
conditions are satisfied by any Ua,o with a G Q. In this case the period lattices of the resulting 
minimal Legendrian tori are described by the following proposition. 

Theorem 5.4 (Haskins, [21, Prop 5.4]). Let a = ^, where < m < n e N and {m,n) = 1. 
Then the immersion Ua,o is doubly periodic and gives rise to an embedded minimal Legendrian 
torus Trn,n in . The period lattice of u^/nfi i^' rectangular with basis uj\ = (2n7r,0), L02 = 
(0, 4i^(A;)/r) if mn is even, and otherwise has basis loi = (2n7r,0), and L02 = {mT,2K(k)/r). 

For the case a = 0, the rationality conditions reduce to 92{T) G Qtt. One can express 92{T) 
in terms of elliptic integrals of the third kind and prove that 92(Tj) is a monotone continuous 
function of J G (0, ^) with limj_^o 6*2(^7) = tt, and limj^y^^92{Tj) = ^. 

Theorem 5.5 (Haskins, [21, Thm E]). For a dense set of J ^ (0, ■^^), the immersion uq^j 
is doubly periodic and hence gives rise to a minimal Legendrian torus. Given any J such that 

the immersion uq^j is doubly periodic then 92{T) = 2it^ for relatively prime positive integers 
M and N. The period lattice of uq^j is: rectangular with basis cji = (27r, 0), L02 = (0, AT) if 
M is even, and otherwise has basis uj\ = {2tt,0), LO2 = (vr, A^T). 

Proof. The first part follows from the monotonicity of 92{Tj) and Proposition 5.3. The part 
concerning the structure of the period lattice follows by an application of the method used 
below to prove results on the period lattice in Theorem 5.6. □ 

With more work one can prove that for each a G Q fl (0, 1) there are infinitely many values 
of J for which Ua,j is doubly periodic (see also [31, Thm 8.5]). 
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Theorem 5.6. For each a = ^ G Q n (0, 1) there is a countable dense set of J (0, for 

which Ua,j is doubly periodic. Whenever Ua,j is doubly periodic then 92{T) — a6i(T) = 27r^ 
for relatively prime integers M and N. The period lattice ofua,j is generated by ui = 2fl7r and 
ijj2 = N{—9i{Tj),Tj), where n and N are defined by hhcf{n,N) = n and Nh.cf{n,N) = N. 

Proof. By Proposition 5.3(d) we need to prove there is a countable dense set of J G (0, ^^) 
for which G(a, J) := 92{Tj) — a9i{Tj) G 27rQ. Since for fixed a, 0(q;, J) is a real analytic 
function of J G (0, ■^^) this will follow if we can prove that 6(a, J) is a non-constant function 
of J. In fact, we will prove 

(5.11) lime(a,J) = (l + a)7r < lim e(a, J) = 27r ' ^ " " 

holds for any a G (0, 1). In these limits we mean a limit from the right as J ^ and a limit 
from the left as J ^ Throughout the rest of the proof we will suppress this to reduce 

notation. 

The proof of the second equality in (5.11) is quite straightforward. It follows directly from 
Proposition 6.2(b). Since from (5.10) we have '^9i{Tj) = 0, the first equality in (5.11) will 
follow if we show that 

(5.12) (a) lim 9ziTj) = and (b) lim 92{Tj) = vr, 

J->0 j-^-o 

hold for any a G (0, 1). 

Proof of (5.12a): It follows from (5.1) and (5.4) that for any a G (0, 1) 

1 _ Q,2 

/un n lim k"^ = < 1 and lim = 1 + 2a. 

J^o 1 + 2a J^o 

The period Tj is given by ^^^r-^, where K(k) is the complete elliptic integral of the first kind 
defined in (A.2). if is a positive strictly increasing continuous function of A; G (0,1) with 
limjfc_,.o K{k) = I and limjfc_»i K{k) = +oo. Hence for any a G (0, 1) we have 

2K{ko,a) ^ 

lim Tj = — < oo 

J->o l + 2a 

(on the other hand for a = 0, we have ko^ = 1 and hence limj_>oTj = +oo). In particular, 
for any a G (0, 1) Tj is bounded on (0, ^^)- Also, the minimum value of as a function of 

t is an increasing function of J with limj^o(-R3)min = (^ ^3^f^ ^ ^ — ( i+2q ) ^ • particular, 
-R3 > holds for all t and any J > 0. Combining these observations we find that for any 

a G (0, 1) there exists a constant C{a), depending on a but independent of J, such that 



mm< r\km\< /"^* < f ' < Z(liLi|^r. < ch/ 

Jo Jo -n-3 Jo l-KsJinin J" 

holds for all J > 0. Hence limj^o 9i{Tj) = as claimed. 

Proof of (5.12b): Since R2 is reflection symmetric about t = ^Tj it is enough to prove that 

(5.13) lmi02(iTj) = |. 

Let 7+ denote the value of 7 at the time t+ G (0, ^Tj) when tan^^j(i) attains its maxi- 
mum. 7+ and t+ depend on both a and J, but to ease notation we will suppress the ex- 
plicit dependence on a and J. It follows from (5.9) that the maximum value of tan^0j(t) 
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occurs when 7 = 0. Differentiating (5.1) shows that 7 satisfies 7 = — 6|^zp7. Hence 



7 = 44> 7 = 0. Substituting for 7 in (5.1) it follows that 7_|_ = 2^ ^ — J^, and so 
max(tan^^j) = tan^^j(i+) = ir = jy ^ ~ J^- Hence we have 



(5.17) lim03(M=O 



2 J jy 27 

(5.14) lim tany;6'j(t+) = +00. 

Prom (5.9) it follows that R1R2R3 cos (^ 0j) = J. For any J > 0, all the Ri are positive and 
hence it follows that cos^^j > 0. Since we defined 9i{0) = 0, this implies that Yl^ii'^) ^ 
(-§, I) for all J > 0. Hence (5.14) implies that 

(5.15) ]imZdiiU) = l. 

Since 7(t) < for any t G [0,i+], and i?f = -(1 + 20)7+ i, then we have Rf > ^ ioi t e [0,t+]. 
Hence, 

< -ei{t+) = I ^ -ei{t)dt = ^^-^^dt < 3J(1 + 2a)t+ < | J(l + 2a)Tj < C{a)J 
Jo Jo Ri 

holds for some constant C{a) depending on a but independent of J. So 

(5.16) lim^6li(i+) = 0, 

holds for any a G (0, 1). Also, since < t+ < \Tj the proof of (5.12a) implies that 

3( 

Combining (5.15), (5.16) and (5.17) implies 

(5.18) lim^2(i+) = |. 

Since 7(t) > for any t G [t+, \Tj], and R^ = {2 + a)^ + \, then > | for t e [t+, \Tj]. 
Hence, 

< e2{\Tj) - 62(1+) = / e2{t)dt < 3J(2 + a)(irj - t+) < D{a)J 

J to 

holds for some constant D(a) depending on a but independent of J. Combining this with 
(5.18) we have 

lhn02(irj)= lim02(M = |, 

as required. 

Let us finish by analyzing the possible periods of any doubly periodic Ua^j. The condition 
that {s,pT) where p G N be a period of Ua,j is equivalent to the following three equations 

—s+pe2{T)]=l, expd s+p03(T) =1. 

T}/ / \ Til J 

Since ^ ^i(r) = 0, the first two equations imply the third. By Proposition 5.3(d) the existence 
of two periods of implies 

G = e2(r)-aei(r) = ^ 
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for some integers M and A^. Given any two integers pi and p2 we get a solution of the 
periodicity equations by setting 

(5.19) (e.) s = ^{e2iT)pi-ei{T)p2) and (b) p = ^ (p2 - ^Pi) • 

However, since we require that p G N, most pairs of integers pi and p2 will not give us valid 
solutions of the periodicity equations. Taking {pi,P2) = (0, M) gives {s,p) = {—N9i{T), N), 
while {pi,P2) = in, m) gives {s,p) = {2mr, 0). Hence the period lattice of Ua,j always contains 
Loi = (27rn, 0) and L02 = (NT, -NOiiT)). 

We now determine the most general element of the period lattice of u^j- Since M and N 
are relatively prime and p2 — ^Pi G Q, it follows from (5.19b) that p = kNj , where k € Z 
and Nf is some factor of A^. Define Nf to be the integer Substituting for p into (5.19) 
gives us 

Mkn 

(5.20) np2 - mpi = — ~— , 

Nf 

and hence Mkn G Nflj. Since M and Nf are relatively prime this implies kn = INf, for some 
I G Z. Define / by / = hcf(n, Nf), n/ by n = fuf and Nff by Nf = fNff- Hence, 

k = aNff, I = auf for some a G Z. 
Substituting for k in (5.20) gives us 

TTl 

(5.21) fp2 pi = aM, 

nf 

and hence mpi G ra/Z. Since m and n/ are relatively prime this implies 

(5.22) pi = bnf for some 6 G Z. 
Substituting for pi in (5.21) gives 

aM + mb 

(5.23) p2 = J . 

Substituting for pi and p2 in (5.19) gives 

(5.24) s = j {2bmr - Na9i{T)) and p = jNa, where a, 6 G Z. 

(5.24) gives the most general solution of the periodicity conditions. In fact, it is simple to 
check that if we choose the initial factor Nf of N to be 1, so that Nf = N and / = hcf (n, N), 
then this still generates all solutions of the periodicity conditions. It follows immediately that 
the period lattice is of the form claimed. □ 

In the proof of Theorem 5.6 we saw that @ = 92{Tj) — aOi{Tj) had limiting values of 
(1 + a)7r and 2-^^ l±o±^ as J — and J — respectively. Computer experiments suggest 
the following: 

Conjecture 5.7. For each a G (0, 1) is an increasing function of J G (0, ^^) with 
Range 6 = ( 7r(l + a), 2-ny fT±^±^ 
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Two consequences of this conjecture would be: 

(1) for any a G (0, 1) we have Range C (vr, 2ti). 

(2) as a — >^ 1, the interval Range 9 shrinks to the point {27r}. 

(1) implies, for example, that the integer A'^ appearing in Theorem 5.6 must be greater than 
or equal to three. (2) implies that as a — 1, the integer N appearing in Theorem 5.6 must 
tend to infinity. More generally, for any fixed a, by determining the rational number with 
the smallest denominator in the interval (^(1 + a), + a + a^) one obtains restrictions 

on values of the integer N which may occur for that value of a. For example, if a = ^ then 
G (|, \J~^)- Since the rational number with the smallest denominator in this interval is 

^, for a = ^ we have > 19 in Theorem 5.6. Similarly, if a = ^ then G (|, ^J^)■ Since 

the rational number with the smallest denominator in this interval is for a = ^ we have 
A/" > 13 in Theorem 5.6. 

5.2. Refined lower bounds for the Legendrian and stability indices. In this section 
we use the explicit descriptions of the S^-invariant minimal Legendrian tori just exhibited to 
prove refined lower bounds for the Legendrian index and stability index of these examples. 

The basic strategy is simple. Any SLG cone in has distinguished homogeneous harmonic 
functions of order 1 and 2 coming from the moment maps of translations and su(n) vector 
fields respectively. This implies that the restriction of any linear function on to a minimal 
Legendrian surface in is an eigenfunction of As, with eigenvalue 2. Similarly, the 
restriction to S of certain quadratic functions on give eigenfunctions of As with eigenvalue 
6. Since the 5^-invariant examples have such explicit descriptions we can estimate the number 
of nodal domains of these special eigenfunctions. The Courant Nodal Domain Theorem (Thm 
4.5) will then guarantee that if one of these eigenfunctions has at least + 1 nodal domains, 
then the corresponding eigenvalue is at least the k-ih eigenfunction of A^. In this way we get 
lower bounds for the number of eigenvalues less than 2 and less than 6 respectively, and hence 
for the Legendrian and stability indices. 

First we fix a convenient choice of basis for the space of quadratic functions on which 
are moment maps of 5u(3) vector fields. The quadratic functions in question are the harmonic 
Hermitian quadratics of (3.3) which have no constant nor linear part. Equivalently, given any 
A G su(3) the corresponding quadratic function Qa on is given by 

(5.25) Qa{z)=oj{Az,z). 
Define six quadratic functions Gij and Hij on by 

(5.26) Gij = Re{ziZj), Hij = Im{ziZj), for i<je {1, 2, 3} 

where Zi denotes the i-th component of z G C^. The six functions Gij, Hij together with the 
two functions Fi and F2 on C'^ defined by 

(5.27) Fi = |zi|2-|z3|2, F2 = |Z2|' - ksl' 

are all of the form (5.25) for some A G su(3) and give a basis for all such quadratics. In 
particular, the restriction of any of the eight quadratic functions Fi, Gij, Hij to any minimal 
Legendrian surface S gives an eigenfunction of As with eigenvalue 6. As a basis for the linear 
functions on C^, we choose Rc(zj) and Im(zj) for i = 1,2 or 3. Each of these six linear functions 
gives an eigenfunction of eigenvalue 2 when restricted to any minimal Legendrian surface E. 

We first prove a result for the simplest S'^-invariant minimal Legendrian tori: the countable 
family r^^„ constructed in Theorem 5.4. 
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Theorem E. Let r^,n one of the countably infinite family of minimal Legendrian 2-tori 
described in Theorem 5.4- For A > 0, denote by Nm,nW the number of eigenvalues of A on 
Tm,n if- the range [0, A(A + 1)]. Then 

, , J 4n + 5 > 13 if mn is even 
^n,m(lj ^ I 2n + 5 > 11 ifmnis odd. 

. , . \ f ~^ — 8 > 12 if mn is even 
Srui(X{lm,n) ^ I 4„ + 2m - 8 > 6 ifmnis odd. 

, . ^ >> / + — 2 > 18 if mn is even 

i-m(X{lm,n) ^ I 4„ + 2m - 2 > 12 ifmnis odd. 

Further, we also have the following upper bounds 

{36-^n — 1 if mn is even, 
18^n-l ifmnis odd. 

Proof. First we obtain the lower bounds. We will consider the two cases mn is even and mn 
is odd separately. In both cases the immersion um. o is given explicitly [21, Prop 4.3] by 

u^,o(s,i) = e^^(iii(t),ii?2(t),i?3(i)) 

= e^* (ci cn (rt, k),ic2 sn (rt, k),C3 dn (rt, k)) 

where 



/Ai2-m /A*i-/^2 //i2-/^3 

Cl = \^ ' C2 = W— r ,C3- 



3^2 V 3^*1 V 3|Lt: 



^2 



and 



^1 \ 2 ^ + 1 2 — m^ 

p = — {—n — 2m,2n + m,m — n) , r = , k 



n ) 5 ) n ' n{n + 2m) 

Prom this explicit formula for um q we see immediately that the restrictions to „ of the 
six quadratic functions Gij and Hij defined by (5.26) are 

Gi2 = R1R2 cos fiss, H12 = sin //3S 

G13 = R1R3COS fi2S, Hi^ = RiRssmfi2S 

G23 = R2R3COS 1J.18, H23 = — i?2-R3 sin^is. 

Case 1 : mn is even. In this case Theorem 5.4 implies that the period lattice of T^^^ is 

rectangular with basis ai = (2n7r, 0) and C72 = (0, ^^r^). It follows that the nodal set N12 of 
H12 within the period rectangle Tl := [0, 2n7r] x [0, AK/r] is the following union of horizontal 
and vertical lines 

iVi2 = |(s,t) G 7^ : t= — ,a = 0, ...,4 s= , 6 = 0, . . . , 2n - 2m 

[ r n — m 

N12 divides TZ into 8n — 8m identical subrectangles. Since G12 differs from H12 only by a 
translation of ^ in the s variable, the nodal set of Gu is a translate of N12. Similarly the 
nodal sets for His and H23 are the following union of horizontal and vertical lines 

-^13 = |(s,*) G : t = — ,a = l,3 s= ^^'^ ^ 6 = 0, . . . , 4n + 2m 
[ r 2n + m 

and 

N23 = Us,t) en : t = ,a = 0,2,4 s = — , b = 0, . . . ,2n + 4m 

I r n + 2m 
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respectively. iVi3 and A^23 divide TZ into 8n + 4m and 4n + 8m identical subrectangles respec- 
tively. Again the nodal sets for G13 and G23 are translates of the sets A^^ia and A^23- Since 
n > m > 0, 7Vi3 gives us the most nodal domains, namely 8n + 4m of them. 

Similarly, one can examine the nodal domains of the coordinate functions Re(zj) and Im(zj), 
since these are eigenf unctions of A with eigenvalue A = 2. The zero sets are again easy to 
describe since each coordinate function is the product of a Jacobi elliptic function with either 
cos or sin. Once again the nodal domains are unions of horizontal and vertical lines dividing 
the original rectangle TZ into a number of identical subrectangles. Also the nodal domains for 
Re(zi) and Im(zj) again differ only by a translation. The number of nodal domains for Re(2;i) 
turns out to be 4n, 4m and 2m + 2n for i = 1, 2, 3 respectively (remember that dn is positive, 
while both cn and sn have zeroes). Hence Re(2;i) gives us the most nodal domains, namely 4n 
of them. 

Let / denote the unique index so that Xj-i < 2 and A/ = 2, and J denote the unique 
index so that Aj_i < 6 and Aj = 6. Then 0/ = Rc(zi) and (f)j = Rc(ziZ3) are eigcnfunctions 
corresponding to A/ and A j respectively. Since 0/ has 4n nodal domains and (?i>j has 8n + 4m 
nodal domains, by the Courant Nodal Domain Theorem (Thm 4.5), we must have / > 4n — 1 
and J > 8n + 4m — 1. Now because Aj_i < 6, we have l-ind(Tm,n) > 8n-|-4m — 2. Since A = 6 
occurs with multiplicity at least 7 we obtain Nn^mC^) ^ l+(8n+4m— 2)+7 = 8n+4m+6. Hence 
from definition (3.8) we have s-md{Tjn,n) = ^n,m{'^) — 1 — 6 — (8 — 1) > 8n + 4m — 8. Similarly, 
since A = 2 occurs with multiplicity at least 6 we obtain Nn,m{^) > 1 + (4n — 2) + 6 = 4n + 5. 

Case 2: mn is odd. Theorem 5.4 implies that the period lattice of T„j.„ is generated by 
di = (2n7r, 0) and (T2 = (n-zr, T), where T = ^ is the basic period of 7. Another basis for the 
period lattice is di = (0, 2T), 02 = 02- We shall take the period parallelogram TZ to be the 
one with vertices 0, (fi, (72 and + (J2- The nodal sets Nij in this case, are again composed 
of unions of horizontal and vertical line segments contained in TZ. The two main differences 
from the previous case are that (i) the union of the line segments rt = 2K, rt = AK contained 
in TZ, forms a single closed curve in T^.n, rather than two parallel closed curves as in Case 1, 
and (ii) we are now only interested in s G [0, nvr] and not s € [0, 2n7r]. The same holds for 
the union of the line segments rt = K, rt = 3K, rt = 5K that are contained in TZ. It is not 
difficult to check that the number of nodal domains for the functions H^j and hence also Gij 
is half that of Case 1. Hence the claimed lower bounds follow from another application of the 
Courant Nodal Domain Theorem. 



It still remains to prove the upper bounds claimed. For any compact minimal Legendrian 
surface S in S^, we obtain from (4.7) the following upper bound for N^{2) in terms of Area (S) 

iV.(2)<i2^=M_ll. 

Att 7 

Hence to prove upper bounds for Nn^m it suffices to find upper bounds for Area(Tm „). Prop- 
erties of the area of 5^-invariant minimal Legendrian 2-tori are studied in §6. In particular, 
from Theorem G in §6 we have 

I J if mn is even, 

— Area(r^,„) < j if mn is odd. 

The claimed upper bounds now follow immediately. 

By making the obvious modifications in the proof of Theorem D one can also find explicit 
constants Ci > and C2 G M so that N^{1) < C\ Area(i;)-|-C2 holds for any compact minimal 
Legendrian surface S in 5^. For example, one can show that Ci = ^ and C2 = — | work. 
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Hence the area estimates for T^^^ also lead to upper bounds for A^n,m(l) improving the one 
coming from Nn,mi^) < A^n,m(2). □ 
Remark 5.8. One could also look at the nodal sets of the quadratic functions which corre- 
spond to elements in the diagonal subgroup of su(3), i.e. Qd{z) := ^'^Y — 
(01,02,03) such that a.l = 0. If we take a = A = (1,— ,— 1 — — ) to be the vector deter- 
mining the 1-parameter symmetry group of the surface, it follows from (5.5) that = on 

any such surface. If instead we take a = /x = 1 x A, then again by (5.5) Qfi = Atjlzjp = 
(Mi7 + = 7 {Ylf^i) ■ 7 is periodic of period ^ and has exactly one zero to G [0, ^] 



m,n IS even. 



and another zero ti = — to in [~, — ]• From this it is easy to see that when 

Qp has exactly 4 nodal domains on the period rectangle TZ independent of m and n. When 
mn is odd, the union of the line segments rt = rti, rt = 2K + rti, rt = AK + rti forms a single 
closed curve in T^ji^^ for either i — or i — 1. Hence in this case Qjj has only 2 nodal domains 
independent of m and n. 

Remark 5.9. (At this point the reader is advised to consult Appendix B.l on asymptotically 
conical SLG submanifolds.) By applying Lemma B.3 to the cone Cm,n = C{Tm^n) and setting 
t = 1 we obtain a two-ended ACSLG submanifold Lm,n in with rate A = — 1 asymptotic to 
C := Cm,n U e^3Cm,n- Because C is invariant under an S'-^-subgroup of SU(3), by Proposition 
B.l so is Ijm,n- Since Lrn,n has rate A — — 1 it also has any rate A G ( — 1,2). Hence as in 
Appendix B.l, for any A G (—1,2) we may consider the set of ACSLG submanifolds 

in with rate A and cone C which are isotopic to i,n,n as an AC submanifold of C^. Since 
the link of C, S = r^,„ U e'sT^^, the set of homogeneous harmonic functions on C is two 
copies of the harmonic homogeneous functions on Cm.„. Hence = T^Tm,n and iVs(A) = 
2A^T„,„(A). By Theorem B.4, if A G (0, 2) - then is a manifold with dmiM\^ ^ = 

b^{Lm,n) — b^{Lm.n) + A^s(A). In particular, for any A G (1,2) — applying Theorem E we 
have dimA^^^ „ > 6H^m,n) - 6°(W) + ^s(l) > &'(^m,n) - 6°(W) + 4n + 5. 

In particular, we have a countably infinite family of ACSLG submanifolds Ljn,n of each 
diffeomorphic to x M which come in moduli spaces of unbounded dimension. Hence even 
in this simple case the topology of an ACSLG submanifold does not come close to controlling 
its geometry. 

The next result uses the method of Theorem E to prove improved bounds for the 1-index 
of the next simplest infinite family of S'^-invariant minimal Legendrian 2-tori: the examples 
constructed in Theorem 5.5. 

Theorem F. Let S be any of the countably infinite family of minimal Legendrian 2-tori 
constructed in Theorem 5.5. Then ■^92{Tj) = ^ for relatively prime integers m > 4 and 
n> 7, and 

s-ind(E) > 2n - 8 > 6. 
l-ind(E) > 2n - 2 > 12. 

A^s(l) > 2m + 5>13. 

-/Vs(2) > 2n-h6>20. 

Proof. By Prop 5.3(d) the necessary and sufficient condition that uo,J closes to give a torus 
is 02{Tj) G 27rQ. As remarked above Theorem 5.5, 92{Tj) is a monotone continuous function 
of J G (0, ^) with Range ^2(^7) = (tt, ^). Hence we are interested in rational numbers in 

the interval {\-,^)- The rational number with the smallest denominator in this interval turns 

out to be Hence m > 4 and n > 7 as claimed. 
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Any torus constructed in Theorem 5.5 has the form 

for some J G (0, Because of the form of u there are three su(3) ix C'^ moment map 

functions which are particularly straightforward to analyze: lm.{z2), Qp, = X] wl-^iP = (X^ /^f )7 
and Im(ziZ3). 

When m is even the period lattice of S is rectangular with basis loi = (27r, 0) and L02 = 
(0, nT) and otherwise has basis loi = (2-7r, 0) and L02 = (vr, nT). We will take a fundamental 
domain to be the region TZ with vertices 0, wi, 0)2 and uji + u}2- Consider first the case where 
m is even and hence TZ is rectangular. Since Im(2;iZ3) = i?^ (t) sin (2s) and R\{t) > 0, it is 
follows that Im(ziZ3) vanishes in TZ if and only if s is an integer multiple of ^ contained in 
the interval [0, 2-k]. Whether m is even or odd, the number of nodal domains of lm.{zizs) is at 
most 4 independent of m and n. The other two functions give us more useful information. 

To prove the bound for Ns{l), we consider Im(z2) = R2{t) sm92{t), which is a function of 
t alone. Since i?2(i) > for all t, its zeroes in TZ correspond to the solutions of s'm62{t) = 
in [0, nT]. Because 6*2 (t) is a strictly increasing function of t and 92{nT) = n92{T) = 27rm, 
it follows by continuity of O2 that it has exactly 2m + 1 zeroes in [0, nT], two of which are 
t = and t = nT. Hence the nodal set is a union of 2m lines each of the form t = Ci for 
some constant Cj. It follows that there are exactly 2m nodal domains. Since Im(2:2) is an 
eigenfunction of As with A = 2, applying the Courant Nodal Domain Theorem (Thm 4.5) and 
arguing as in the proof of Theorem E shows that there are at least 2m — 2 nonzero eigenvalues 
below 2. Hence Nj:{l) > 1 + (2m - 2) + 6 = 2m + 5. 

To prove the remaining three lower bounds we consider Qj^ = i'}2f^i)l^ which again is a 
function of t alone. Since 7 is periodic of period T and has exactly 2 zeroes on [0, T] both of 
which are in the interior, 7 has exactly 2n zeroes on [0, nT] all of which are in the interior of 
the interval. It follows that there are exactly 2n nodal domains. Since is an eigenvalue of 
As with eigenvalue 6, applying the Courant Nodal Domain Theorem again shows that there 
are at least 2n — 2 eigenvalues below 6, i.e. l-ind(S) > 2n — 2. The two remaining lower 
bounds now follow easily. 

In the case when m is odd and hence TZ is not rectangular, it is not difficult to check that 
since both eigenfunctions we considered depended only on t that we obtain the same number 
of nodal domains as in the rectangular case. □ 

Remark 5.10. The first three rational numbers in the interval (5) :^) written in the form ^ 

for relatively prime m and n and ordered by m + n are |, |, and In Table 2 (§6) we list 
the area and index bounds of these tori. The area is obtained by computing numerically the 

values of certain elliptic integrals. 

For the general doubly periodic Ua,j constructed in Theorem 5.6 one can also prove lower 
bounds for the Legendrian index and the stability index in terms of the integers n and N 
appearing in the statement of Theorem 5.6. The simplest eigenfunction to analyze is = 
X^MikiP = (X /^DTi since it depends only on t. In this case the best results are obtained 
when n is prime and hence ]ici(n,N) = 1. Establishing Conjecture 5.7 would be useful here. 
It would give lower bounds on the possible N, for a given choice of a = ^. We leave the 
details of the analysis which is very similar to the previous two cases to the interested reader. 

6. S'^-INVARIANT SLG CONES WITH SMALL AREA 

In this section we establish a formula for the area of an S^-invariant minimal Legendrian 
2-torus in terms of elliptic integrals. Using some basic properties of elliptic integrals one can 
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easily evaluate certain limiting behaviour and in some cases deduce some useful monotonicity 
properties. These monotonicity properties then imply upper and lower bounds for the area 
of certain S'^-invariant tori. As well as its intrinsic geometric interest, the area upper bound 
is particularly useful because it implies upper bounds for the Lcgendrian index and stability 
index. These complement the lower bounds proved by the nodal domain counting technique 
of the previous section. A lower bound for area implies via (4.1) an upper bound for Ai. 

Since all the immersions arc conformal, the metric g induced on M? by the immersion 
is determined by a single positive function y{t) where g = y{t){ds^ + dt^). A calculation shows 
that 7 and y are related by 

(6.1) y = -7W/^2yU3 + gE-^f- 
It follows from (5.1) and (6.1) that y satisfies 

(6.2) f + V - 2y'Y: Af = -4(A?AiAi + J'f^lnWs). 

When y = 0, (6.2) has three solutions y2 < < yi < 7/3. y can also be expressed in terms of 
sn as 

(6.3) y = y3- {ys-yi) sn^ {rt, k) 
where 

A\ 2 ,2 2/3 — 2/1 

(6.4 r =y3-y2, k = . 

ys - 2/2 

Define A{a, J) by 

(6.5) Aia,J)= r^'' ya,jmt 

Jo 

i.e. A is the integral of the conformal factor y over one basic period of y. 

Proposition 6.1. Let K and E he the complete elliptic integrals of the first and second kinds 
respectively, as defined in (A. 2) and (A. 3). Then A{a,J) can he expressed in terms of K and 
E as 

(6.6) ^_A{a,J) = y^^^ + rE{k). 
Proof. Using the explicit expression for y in terms of sn we have 

2if(fc) ^ 

(6.7) A = [ y^-(^y^-y^)sn^rt,k) dt=^^--{y3-yi) [ sn^ {t,k)dt. 

Jo f r Jq 

But using dn^ t = 1 — k"^ sv? t, and the definition of E{k) in terms of dn, (A. 3), we have 

/ sn^tdt = -^ 1 - dn^ t dt = -^{K - E). 
Jo k Jq k 

Inserting this expression into (6.7) and simplifying we have 

(6.8) lA='^K -r{K - E) = ^K + rE, 

where the final equality follows from r"^ = ys — y2- D 

Proposition 6.2 (The limiting cases a = 1, J — > and J = 0). 

(a) For a = 1 we have 
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(b) In the limit J 



we have 



(c) In the case J = the function A{a) defined by (6.5) is an increasing function of a with 

2n 1 



Range(^) = [2, ■^'^i 



Proof. Parts (a) and (b) are simple calculations which we omit. Part (c) is the nontrivial part 
of the Proposition and was first observed in numerical experiments. Its proof is also a (not so 
straightforward) computation, which makes some use of some standard facts from the theory 
of elliptic integrals about derivatives with respect to k of E and K. 

The basic strategy is simple. First we express yi,y2,y3,k in terms of r, where r is defined 
in (6.4). Then we use (6.6) together with some standard expressions for and to 

prove that ^ > 0. The detailed calculation is somewhat involved, and some details will be 
suppressed below. Since J = 0, it follows from (6.2) that 2/1,2/2)2/3 satisfy the equation 

(6.9) 2/'-ro' + (p-l)' = 

where p := 1 + a + a^. It is easy to verify that 2/1 = p — 1 is always a root. If follows that 
2/2 + 2/3 = 1 and 2/22/3 = ^ p)- Since from (6.4) we also have r"^ = — 2/2 this implies that 

(6.10) 2/2 = 1(1-^2), 2/3 = 1(1 + ^2). 

and hence 

(6.11) yi = l(r^-l) 

where in the last equality we use the fact that p and r are related by 

(6.12) p=l(r4 + 3). 

It is easy to see that as a varies in [0,1], p varies in [1,3] and varies in [1,9]. p is an 
increasing function of a in this range, r is an increasing function of a etc. Substituting for 2/2 
from (6.10) into (6.6) we obtain A{r) = \{l-r) K{k) + rE{k) and 

/^-.oN dA ^ dE 1 r, dK 1 ,^ n, 

(6.13) =i^ + r— + -(l-r2)— -— (l+r2)i^. 
a,r dr 2r ar 2r"^ 

Combining equations (6.4), (6.10) and (6.11) we obtain 

Equations (6.14), (A.4) and (A. 5) imply that 

dE _dEdk _E-K -1 / 3 
dr dk dr k Ak \r^ 

and 

, . dK_dKdfe_l/^_ \-l/^ 

^ ' dr ~ dk dr~ k [k'^ J Ak \r^^'' 

After substituting these expressions for ^ and ^ into (6.13) and performing some algebraic 
manipulation one finds 

dA _ r'^-l 2(3 - r^) 

^ ' ~ 3^ (3 + r2)(3-r2) 
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Since K and E are both positive it follows immediately that ^ > for G (1)3), but is 
not clear that this still holds for G [3,9). However, the previous expression for ^ can be 
rewritten as 

(6.18) ^ = + ^ (K-E). 

^ ^ dr 3 + r^ 3-r^ 

Since K-E>0, E>1 both hold for k G (0, 1), (6.18) implies that 

dA 1 + _ 2 1 

^ 3 + r2 ~ ~ 3 + r^ ^2 

for G (1,3). Hence A is an increasing function of r for G (1,9) and hence also an 
increasing function of a for a G (0, 1). All that remains is to find the values A(0) and ^(1). 
This is a short calculation that we omit. □ 

We can use part (c) of the previous proposition to estimate analytically the areas of the 
minimal Legendrian tori „ from Theorem 5.4. 

Theorem G. Let Tyn,n one of the countably infinite family of minimal Legendrian 2-tori 
constructed in Theorem 5.4- Let A{a) denote the function A{a,0) defined in (6.5). Then 

A ,rp \ _ / '^nirA (^) if mn is even, 
Aie&[Im,n) - j 2mrA ) if mn is odd. 

Hence if mn is even then 2n < ^ Area(T^_„) < otherwise n < Area(r^^„) < -^n. 

Proof. Case 1: mn is even. In this case Proposition 5.4 tell us that the period lattice of T^,„ 

is generated by ai = (2n7r, 0) and a-2 = (0, ^^r^). Hence the first part of the theorem follows 
from 

Area(r^,„) = / j y{t)dsdt = Amr ' yit)dt = AmrA (f ) . 

.Js=0 Jt=0 Jo 
The upper and lower bounds for the area now follow from Proposition 6.2(c). 

Case 2: mn is odd. In this case Proposition 5.4 tell us that the period lattice of Tm^n is 
generated by ai = {2mr, 0) and C72 = (nvr, T). Area(rm,n) is equal to the integral of y over the 
parallelogram with vertices 0, (Ti,(T2 and o\-\- 02- Hence the first part of the theorem follows 
from 

^t=T i-s=ct+2nn /■t=T 

Area(r^,„) = / / y{t)dsdt = 2mr / y{t)dt = 2mrA (^) 

Jt=0 Js=ct Jt=0 

where c = and T = ^ is the basic period of y. The upper and lower bounds for the area 
follow once again from Proposition 6.2(c). □ 

Remark 6.3. Numerical evidence suggests that for any a G (0,1), the function A{a,J) is a 
strictly increasing function of ./ G (0, :^^)- If one can establish this fact then one will obtain 
upper and lower bounds for the area of a general torus Ua,j in same way we proved Theorem 
G from Proposition 6.2(c). 

Two immediate consequences of Theorem G are the following. 

Corollary 6.4 (monotonicity of area for Tm,n)- Le-t Tm,n one of the minimal Legendrian tori 
constructed in Proposition 5. 4. 

(i) If both min and m2n are even, then mi < m2 ^ Area(Tmi,n) < Area(T^2^„). In particular 
for any fixed n, Aiea(Tjn,2n) is an increasing function of m. 

(a) If both min and m2n are odd, then mi < 7712 =^ Area(Tmi,n) < Area(rm2,n)- In particular 
for any fixed n, Area(T2j„+i^2n+i) is an increasing function of m. 
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(m, n) 


(0,1) 


(1,3) 


(1,2) 


(1,5) 


(3,5) 


(1,7) 


(2,3) 


(3,7) 


(1,4) 


- — Area(r^ 


1.81 


3.71 


5.49 


5.66 


7.29 


7.63 


9.10 


9.19 


9.36 


Linear approx using (6.19) 




3.81 


5.63 


5.81 


7.44 


7.81 


9.26 


9.44 


9.63 


s-ind 





> 6 


> 12 


> 14 


> 18 


> 22 


> 24 


> 26 


> 28 



Table 1. Tori T^,„ with small area. 



Proof. The result follows immediately from Theorem G and the fact that according to Propo- 
sition 6.2(c) A{a) is an increasing function of a G [0, 1]. □ 

Corollary 6.5 (first cigcnvahic estimates for Tm,n)- Let r^,n one of the minimal Legendrian 

tori constructed in Proposition 5.4- 

(i) If m and 2n are relatively prime then Xi(Tjn,2n) < ^■ 

(a) If 2m + 1 and 2n+ 1 are relatively prime, then Ai(T2m+i,2n+i) < 2n+i ■ 

Proof. The result follows immediately by combining inequality (4.1) with the lower bound for 
Area(T^_„) from Theorem G. □ 

The previous theorem gives explicit expressions for Area(rm^„) in terms of the value of 
certain elliptic integrals. It is straightforward to use any of the standard mathematics software 
packages {e.g. Mathematica or Matlab) to numerically evaluate these elliptic integrals to any 
desired accuracy. In particular, it is easy to construct a list of the minimal Legendrian tori 
Tm,n with area less than some fixed area. A list of tori r^^„ by increasing area is given in 
Table 6. 

Empirically A{a) is reasonably well-approximated by the straight line L[a) = Ma+2 where 
M := — 2 is the slope of the line segment between the points (0, ^(0)) and (1, ^(1)). Hence 
a rough estimate of the area of the torus Tjn,n is given by 

-j^g-j Area(r^,„) f n + \Mm if mn is odd 



2" 

47r 1 2n -|- Mm if mn is even 

where M = — 2 ~ 1.628. This linear approximation to the area of Tm,n is also listed in 
Table 1. Note that for these small values of m and n it produces the correct ordering by area. 

7. Concluding Remarks 

We conclude with a few remarks about natural extensions of the results proved in this paper 
and some related questions. 

The basic strategy of §5 for proving lower bounds for the stability index of a SLG cone 
should be useful beyond the S'^-invariant T^-cones of §5. Basically, the method just needs a 
sufficiently explicit description of the SLG cone in question. So the results of §5 should be 
thought of as an illustration of a basic strategy. Two other natural classes of examples to 
which the same kind of analysis could be applied are described below. 

Explicit examples of SLG T^-cones of spectral curve genus 4 were constructed in [25]. These 
tori also have descriptions in terms of (products of) elliptic integrals and elliptic functions. 
Using the basic method of §5 it should be possible to prove lower bounds for the stability index 
and Legendrian index of these tori. Lower bounds for the area of these tori will then follow 
from (4.7). As in the S^-invariant case the area of these tori can be expressed in terms of 
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02iTj) 


4 


5 


6 


2tt 


7 


9 


IT 


1 , 

— Area 
47r 


7.26 


9.16 


11.12 


J 
3^3 


0.831 


0.495 


0.344 


s-ind 


> 12 


> 16 


> 20 


Ai 


4 

<7 


4 

<9 


4 

<TT 



Table 2. Area, s-ind and Ai of tori no,j with small areas. 



elliptic integrals. If one can use these expressions to prove upper bounds for the area of these 
tori then again (4.7) implies corresponding upper bounds for the stability index. Certainly- 
one can use the expression for the area in terms of elliptic integrals to investigate numerically 
the area of these tori. 

Examples of r"~^-invariant SLG cones in generalizing the iS^-invariant T^-cones of §5 

were constructed in [31]. In these examples there is a natural analogue of the function 7 which 
gives us an eigenfunction of A of eigenvalue A = 2n, and whose behaviour is particularly simple 
to analyze. So the methods of §5 should again lead to lower bounds for the stability index, 
and hence by the higher-dimensional analogue of (4.7) to lower bounds for the volume. We 
plan to discuss both the T^-cones of spectral curve genus 4 and the T"" ^-invariant cones in a 
sequel to this paper. 

The results of §5 and §6 give a quite good understanding of the behaviour of the stability 
index and area of S'^-invariant T^-cones. One outstanding question which our methods do not 
address is: which S^-invariant SLG T^-cones are rigid or Jacobi integrable? Jacobi integrability 
of a cone implies, for example, extra regularity for geometric measure theoretic SLG objects 
which resemble that cone. Some more sophisticated numerical work would allow us to compute 
numerically at least the low end of Spec(A) with reasonable accuracy. This should indicate 
which S'^-invariant examples are rigid. 

One could also hope to demonstrate numerically the existence of Jacobi integrable but not 
rigid T^-cones. To do this consider a SLG T^-cone of spectral curve genus g = 2d for some 
d > 2. The discussion of §4.3.2 shows that there is at least a 6 -|- d-dimensional family of 
integrable Jacobi fields of T^, and hence that the multiplicity of the eigenvalue A = 6 is at 
least 6 + d. Hence by computing numerically that the multiplicity of A = 6 is exactly 6 + d 
then one establishes integrability. Without the aid of the spectral curve genus it is difficult 
to see how numerics can help resolve whether non-rigid examples are integrable or not. For 
example, it is unknown whether the Clifford torus in dimensions 8 and 9 is Jacobi integrable, 
even though from equation (3.12) we know the spectrum explicitly. We know of no other 
general methods for proving Jacobi integrability in our setting. 

We have seen that the Clifford torus T""^ fails to be strictly stable forra > 3 (Prop 3.12). It 
is natural to wonder what are the strictly stable SLG cones in higher dimensions. It would be 
natural to start by finding the stability index of the higher-dimensional homogeneous examples. 

The results of [15] prove that the area of a minimal torus in grows quadratically with 
spectral curve genus. It is natural to ask if the (linear) lower bounds established in this paper 
for both stability index and area can be improved to quadratic ones. 



40 MARK RASKINS 

Appendix A. Jacobi elliptic functions and elliptic integrals 

In this appendix we recall some basic properties of the Jacobi elliptic functions and elliptic 
integrals which are needed in §5 and §6. For a more leisurely description of elliptic functions 

we refer the reader to [33]. 

We take the following definition of the Jacobi sn-noidal elliptic function. Let sn(t, /c), the 
Jacobi sn-noidal function with modulus k £ [0, 1), be the unique solution of the equation 

(A.l) z'^ = {l-z'^){l-k'^z'^) 

with z{0) = 0, z{0) = 1. It is straightforward to see from this definition that in the case A; = 
we have sn(t,0) = sint and that for A; = 1 we get sn(t, 1) = tanht. By analogy with the 
trigonometric functions there is also a Jacobi cn-noidal function cn (t, k) which satisfies 

cn^ {t,k) = 1-sn^ (t, k). 

There is another Jacobi elliptic function dn satisfying 

dn^ {k,t) = 1-A;2sn2 

Using the definition of sn given in (A.l) and the relationships between the squares of the other 
Jacobi elliptic functions we find that 

^ sn {t, k) = cn (t, k) dn {t, k) 

^ cn (t, k) = — sn {t, k) dn [t, k) 

^dn(t, A;) = -A;^ sn (t, A;) cn (t, A;). 

The period of sn (i, k) and cn (i, A:) is AK(k), while dn [t, k) has period 2K{k), where K is the 
complete elliptic integral of the first kind defined by 



(A.2) K{k) = [ 

Jo 



dx 



\J\ — k'^ sin^ X 

Similarly, the complete elliptic integral of the second kind E is defined by 

(A.3) E{k) = I - A:2 sin2 x dx = dn^ t dt. 

Jo Jo 

Prom the definitions of K and E it is clear that for A: G [0, 1), is a positive strictly increasing 
function of k and E is a positive strictly decreasing function of k. 

The following expressions for the derivatives of K and E with respect to A; G (0, 1) are 
needed in §6, 

where A;'^ := 1 — A;^. See [33, §3.8] for proofs of these formulae. 
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Appendix B. Applications to desingularisations of singular slg submanifolds 

A fundamental question in special Lagrangian geometry is to understand when one can 
desingularize a singular SLG variety. This question is closely related to understanding com- 
pactifications of moduli spaces of compact nonsingular SLG submanifolds. When the singular 
SLG variety has isolated conical singularities this problem can be approached by attempting 
to glue in appropriate pieces of nonsingular SLG submanifolds which are asymptotic to SLG 
cones. Joyce has carried out such a programme in the recent series of papers [26-29, 32]. 

Joyce's programme has three main components: the deformation theory of asymptotically 
conical SLG submanifolds, the deformation theory of singular SLG varieties with isolated 
conical singularities, and the desingularization theory of SLG varieties with isolated conical 
singularities. The spectral geometry of SLG cones plays a key part in all three components. 
In this appendix we review very briefly the most relevant parts of each component in order 
to explain how results of the current paper can be applied to all three components of Joyce's 
programme. For a more comprehensive review of Joyce's programme we refer the reader to 
the survey paper [32] . 

B.l. Deformation theory of asymptotically conical SLG submanifolds in C". This 

section provides definitions and results that were used in Remark 5.9. 

An asymptotically conical SLG (ACSLG) submanifold in C" is a nonsingular SLG subman- 
ifold which tends to a SLG cone C at infinity. If L is an ACSLG submanifold in C" then 
limj^o+ tL = C for some SLG cone C. Hence ACSLG submanifolds give rise to local models 
for how nonsingular SLG submanifolds can develop isolated singularities based on the asymp- 
totic cone C. Conversely, one can use ACSLG submanifolds to desingularize isolated conical 
singularities of SLG varieties. 

We recall from [26, §7] the precise definition of an ACSLG submanifold. Let L be a closed, 
nonsingular SLG submanifold in C". L is with rate A < 2 and cone C if for some compact 
subset K C L and some T > 0, there exists a diffeomorphism 4> : T, x {T,oo) ^ L — K such 
that 

(B.l) \V^{(f> - l)\ = 0{r^-^-^) as r ^ GO for A; = 0, 1 

where t{r,a) = ra and V, | . | are computed using the cone metric on (0, cxd) x S. Natural 
function spaces for elliptic theory on an ACSLG submanifold L are the weighted Sobolev 
spaces L^^(L). When acting on these spaces, the Laplacian A has good mapping properties 
which depend in a crucial way on Ps and iVs [37, §4], [26, Thm 7.9]. The analytic properties 
of A acting on weighted Sobolev spaces on an ACSLG submanifold are treated in detail in 
[37], building on [35,36]. 

We can now give the asymptotically conical analogue of Prop 3.6. A similar statement 
appears as Prop 10.2 in [24], where the proof is left as an exercise for the reader. One suspects 
that part (iii) holds without the assumption that L has only one end. However, in this case 
the proof will be more involved. 

Proposition B.l. Let L he an ACSLG submanifold L with rate A and regular SLG cone C. 
Let G be the identity component of the subgroup of SU(n) preserving C. Then 

(i) G admits a moment map fi and C C //~-^(0) 

(ii) If X <0, then L C fi~^{0) and G also preserves L 

(iii) If X = and L has one end, then L C fi~^{c) for some c € Z{q*) and G preserves L. 

Proof, (i) [31, Prop 4.2] implies that G admits a moment map and C C Ai^^(c) for some 
c G Z{q*). But since G C SU(n), jj, is homogeneous of degree 2, i.e. iJi{tz) = t^^{z) for any 
t > 0. But since C is dilation invariant we must have c = 0. 
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(ii) Let Xi and (i = 1, . . . , 2n) denote the coordinates of the imbeddings of C and L into 
C". The definition of asymptotically conical (B.l) implies 

(B.2) \xi - Xi\ = 0{r^-^) and \x'f - Xi^\ = 0{r^) 

for ? = 1, . . . , 2n. 

Hence when A < 0, the restriction of any quadratic function from C" to L approaches the 
same value as its restriction to C. In particular, since = on C, wc have lim^^oo = 
for any f G 0. Also by Lemma 3.4, ii{v) is a harmonic function on L for any f G g. But on an 
AC manifold the only harmonic function which tends to zero at each end is the zero function 
itself. Hence /x = on L also, and arguing as in the proof of Theorem 3.6 we see that L is also 
G-invariant. 

(iii) When A = 0, (B.2) implies that ii{v) is a bounded harmonic function on L for every 
V ^ Q. If L has only one end, then the only bounded harmonic functions on L are the constants. 
Hence /x = c on L for some c G Z{q*). Again this implies L is G-invariant. □ 

Remark B.2. If L has more than one end, then there exist non-constant bounded harmonic 
functions on L. In this case to conclude that a function n{y) is constant on L it would be 
enough to prove that it must take the same constant value on each end. 

The next lemma associates to any SLG cone C a 1-parameter family of asymptotically 
conical SLG submanifolds L^, asymptotic with rate A = 2 — n to the union of two SLG cones 
C U e^C. The construction was discovered independently by the author [21], Joyce [31] and 
Castro-Urbano [10]. Lemma B.3 is used in Remark 5.9. 

Lemma B.3. Let C be any regular SLG cone in C" with link E. For any t ^ EM. define Lt 
as 

Lt = \(za eC" :a eT., zeC, with Im(z") = t, argz G (0, -)) . 

Then Lf is an asymptotically conical SLG submanifold with rate X = 2 — n, asymptotic to 
C U e~C. Lf has the same symmetry group as C. 

Proof. The fact that Lt is a SLG submanifold asymptotic to C U e^C is the content of [21, 
Thm A]. It is a simple calculation to verify that Lf has rate A = 2 — n. Hence by parts 
(i) and (ii) of Prop B.l, G admits a moment map /i, C C /U~^(0) and L C /i~^(0) and L 
is G-invariant. Alternatively one can verify by direct computation that if iJ,(v)\c = 0, then 
fi{v)\Lt = also. □ 

Applying Lemma B.3 to any of the SLG T^-cones gives a plethora of examples of connected 
complete asymptotically conical SLG submanifolds in with two ends. This is different from 
the well-studied codimension one setting, where it is known that any complete connected stable 
minimal (in particular volume-minimizing) hypersurface in any Euclidean space has exactly 
one end [7]. 

Within the analytic framework of weighted Sobolev spaces on AC submanifolds one can 
develop the deformation theory of ACSLG submanifolds. Let L be an ACSLG submanifold 
in C" with rate A < 2 and cone C. Define the moduli space of deformations of L with rate 
A, denoted Al^, to be the set of ACSLG submanifolds in C" with rate A and cone C that 
are diffeomorphic to L and isotopic to L as an AC submanifold of C". The main result in 
the deformation theory of ACSLG submanifolds is the following theorem (which we used in 
Remark 5.9). 

Theorem B.4 (Marshall [37, Thm 6.2.15], Pacini [46, Thms 2,3]). Let L be an ACSLG sub- 
manifold in with rate A < 2 and cone C . Let M.\ be the set of ACSLG submanifolds in C" 
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with rate A and cone C that are diffeomorphic to L and isotopic to L as an AC submanifold 
ofC^. Then 

(i) If X E (0, 2) — !)■£ then A^^ is a manifold with 

dimMi = b\L) - b^{L) + Nj:{X) 

where S is the link of C and Ps and are defined in §5.5. 

(a) // A G (2 — n, 0), then A^^ is a manifold of dimension b"^~^{L) = 6j(L). 

That is, the dimension of A4^ is purely topological when we consider only ACSLG sub- 
manifolds with sufficiently fast decay at infinity. For AC submanifolds with slower decay 
at infinity the dimension of Ai^ depends on the spectral geometry of the asymptotic cone 
via N^{X). If we choose the rate A sufficiently close to 2, i.e. max{Ps H (0,2)} < A < 2, 
then A^s(A) = b^{^) + l-ind(C). In §5.2 we found a countably infinite family of ACSLG 
submanifolds in on which 1-ind is unbounded, and so that each member of the family is 
diffeomorphic to x R. By the discussion above this provides us with topologically simple 
ACSLG submanifolds which still occur in moduli spaces of arbitrarily large dimension. 

B.2. Deformation theory for SLG submanifolds with isolated conical singularities. 

In [26], SLG submanifolds with isolated conical singularities are defined and in [27] moduli 
spaces of such submanifolds are considered. A Riemannian manifold with isolated conical 
singularities is a singular Riemannian n-manifold X with a finite number of distinct singular 
points Xi,X2, ■ ■ ■ ,xjv, which near any singular point, Xi, looks metrically like the metric cone 
Ci over some smooth compact nonsingular link Sj. Each singular point Xj has an associated 
rate //j specifying how fast the metric on X approaches the cone metric as we tend to Xj. For 
a precise definition of a SLG variety with isolated conical singularities see [26]. 

Let X be a compact SLG variety with conical singularities xi, . . . ,xn, cones Ci, . . . , Cat and 
rates Hi,. . . jXN in an almost Calabi-Yau manifold M and denote X — {xi, . . . xat} by X' . Let 
M.X be the set of all compact SLG submanifolds in M with isolated conical singularities which 
are deformation equivalent to X. For a precise definition of A^x see [27, §5]. The main result 
[27, Thm 6.10] of the deformation theory developed by Joyce is a description of the structure 
of Mx near X in terms of the zeroes of a smooth map between an infinitesimal deformation 
space Tx' and an obstruction space Ox' of dimension s-ind(Cj), where s-ind(Ci) is the 

stability index defined in §3.3. Since the results of the current paper provide many SLG T^- 
cones C for which s-ind(C) is arbitrarily large, this implies that the deformation theory for a 
conically singular SLG variety X is in general obstructed and that the moduli space M.x can 
fail to be a smooth manifold. 

X is said to have strictly stable conical singularities if each cone Ci , . . . , Cn is strictly stable 
as defined in (3.10). If X has strictly stable singularities then the obstruction space Ox' = {0}, 
and then Mx is a smooth manifold of dimension equal to dimXx' [27, Cor 6.11]. Hence it 
becomes an important question to identify the possible strictly stable SLG cones. Theorem A 
in §4.2 implies that the Clifford torus cone is the unique strictly stable SLG T -cone in 

More generally, there is an natural transversality condition for X G Mx which guarantees 
that near X, Mx is a smooth manifold of dimension dim Jx' — dimOx' [27, Cor 6.13]. It is 
conjectured that this transversality condition holds in any almost Calabi-Yau manifold whose 
Kahler class is sufficiently generic [27, Conj 9.5]. 

B.3. Desingularization theory and singularities in generic families of SLG subman- 
ifolds in almost Calabi-Yau manifolds. Given X G A^x one can try to desingularize X 
as follows. At each singular point Xj of X, we glue in an appropriately scaled ACSLG subman- 
ifold Li which is asymptotic to the cone Q. This gives families of almost singular, almost SLG 
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submanifolds for t small. The point is then to prove by an Implicit Function Theorem type 
argument that for small enough t there exists a perturbation of which is still nonsingular, 
but which is exactly special Lagrangian. In general, there arc several types of obstructions to 
performing such desingularizations. We refer the reader to [28, 29, 32] for the whole story. 

Let {M, J,LU,Q) be an almost Calabi-Yau manifold, and L be a compact nonsingular SLG 
submanifold in M. Then M l the moduli space of deformations of L in M is a smooth manifold 
of dimension b^{L). In general, Ai^ is noncompact. One natural compactification of A^/, is to 
take the closure Ml of Ml in the space of integral currents. Standard compactness results 
in geometric measure theory imply that that TWl is compact. Define the boundary OMl to 
he Ml — Ml- The structure of OMl is important but very poorly understood. 

One possible class of points in OMl are the moduli spaces Mx of SLG submanifolds with 
isolated singularities discussed in §B.2. Let X G Mx, and suppose that Mx C OMl and 
that Mx is a smooth manifold. Define the index of the singularities of X to be ind(X) = 
dim. Ml — dimA^x, the codimension of Mx in A^^. The most common and hence most 
important singularities are those with small index. For example, Joyce has pointed out that 
to understand whether the weighted count of SLG homology 3-spheres in a given homology 
class that he proposed in [30] is really an invariant of almost Calabi-Yau 3-folds it is sufficient 
to understand only index 1 singularities. When X is transverse, Joyce gives a formula for 
ind(X). 

Theorem B.5 ([32, Thm 8.10]). Let X be a compact, transverse SLG submanifold with conical 
singularities atxi,..., xn and cones Ci, . . . , Cn- Let L be a desingularization of X constructed 
by gluing ACSLG submanifolds Li, . . . Ljv in at xi, . . . xjv. Then 

N N 

(B.3) ind{X) =diTay+l-q + Y^ b\XLi) + s-ind(a). 

i=l i=l 

Here q is the number of connected components of X — {x\, . . . ,xjv}. ^ is a particular vector 
subspace in the product of the first cohomology groups of the links Sj of the cones Cj. For a 
definition of y see [32, Defn 8.2]. 

If u) is sufficiently generic in its Kahler class then any compact SLG submanifold X with 
conical singularities in (M, J,a;,r2) is expected to be transverse and hence this formula for 
ind(X) will be valid. (B.3) makes it clear that any cone C for which s-ind(C) is large will 
occur only in singularities of high codimension, and hence will be less important to understand. 

Using (B.3), Joyce studied index 1 singularities modelled on a rigid SLG cone C G [24, 
§10.3]. He showed that either C is the transverse intersection of two SLG 3-planes or C is a 

-cone with l-ind((7) = 6, i.e. C is a (Legendrian) stable T^-cone. Joyce raised the question 
of classifying all such T^-cones and conjectured that the cone on the Clifford torus (Examples 
3.16) and perhaps also the cone Ti 2 constructed in Theorem 5.4 are the only examples. In 
Theorem A of §4.2 we proved that the Clifford torus is the unique SLG T^-cone C with 
l-ind(C) = 6. Hence Theorem A implies the following corollary. 

Corollary B.6. In dimension 3, the cone on the Clifford torus and the transverse intersection 
of two SLG 3-planes are the only rigid SLG cones which can occur in an index 1 singularity. 

Corollary B.6 should be important for subsequent work establishing invariance properties of 
the counting "invariant" proposed in [30]. 
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